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CHAPTER 1: THE MODULUS FUNCTION

Absolute Valued Equations

Example 1
Solve:

a [2x-1|=3 b |x—4|=2x+1

Example 2
Solve the equation |3x o 4[ = [ X+ 35 |

Example 3
Solve ix+ 3| +]x+5| =10,

Graphs of Absolute Valued Functions

Graphs of y =|f(x)| where f(x) is linear

Example 4

Sketch the graphs of the following on separate axes.
M y=1-x

iy y=[1-x|

i) y=2+1-x|

Example 5

1 ! :
Sketch the graph of y = B 1}, showing the points where the graph meets the axes.

1n an alternative form.

Use your graph to express % 1
Sketch the following graphs.
a) y=[2x-4| b) y=2-4

Example 6
Describe fully the transformation {or combination of transformations) that maps the graph of y =|x| onto
cach of these functions.

a y=|x+]|+2 b y=|x—5|—2 C y=2—|x1
d y:|2x|—3 e y=l—]x+2] f y=5—2[.ﬂc|
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Absolute Valued Inequalities

Example 7
Solve the following.

i |x+3) =4
i |2x—1] =9
i 5—|x-2] =1

Example 8
Solve the inequality [2x -1]=|3- x|

Example 9
Solve 2x << |x— 3.

Example 10

Solve. (You may use either an algebraic method or a graphical method.)

a |2x-5=x-2 b |3+x|>4-2x ¢ |x-7]-2x=4

Selected Past paper questions

Example 11
Given that a is a positive constant, solve the inequality | x— 3a| = | x—al.
[Cambridge International AS & A Level Mathematics 9709, Paper 3 Q1 November 2005]

Example 12
It is given that ¢ is a positive constant.
(a) (i) Sketch ona single diagram the graphs of v = |2x — 34| and v = | 2x + 4a|. [2]
(ii) State the coordinates of each of the points where each graph meets an axis. [1]
(b) Solve the inequality |2x— 3a|<|2x +4al. [3]

Specimen 2020 Paper 2 Question 3

Example 13
Solve the inequality [3x— 1| < |2x + 5]. [4]

November 2014/33 Question 1
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Example 14

Find the set of values of x satisfying the inequality
|x+2a| > 3|x—al,

where ¢ is a positive constant. [4]

June 2014/32 Question 1
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HOMEWORK: THE MODULUS FUNCTION VARIANT 32

1

Solve the inequality |x— 2| <3 —2x. [4]
Answer. x< 1. J03/Q3
2 Solve the mequality |2x + 1| < |x]. [4]
Answer: —1<x < —%. Jo4/Qz
3 Given that @ is a positive constant, solve the inequality
|x—3a|>|x—al. [4]
Answer x < 2a. NO05/Q1
4 Solve the inequality 2x > [v - 1. [4]
Answer. x >%. J06/Q2
5 Solve the inequality |[x — 2| = 3|2+ + 1] [4]
Answer. —1<x < —% ) J08/Q1
6 Solve the inequality 2|x— 3| > |3x + 1]. 4]
Answer, T=x=1. N10/32/Q1
7 Solve the inequality |9 — 2x| < 1. 13]
Answer 4<x<5. N02/Q1
8 Solve the inequality |x| < |5 + 2x|. [3]
Answer. x<-5, x> —%. J11/32/Q1
9 Solve the equation |x — 2| = |4x|. [3]
J13/32/Q1

Answer. E , 3
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10 Find the set of values of x satisfying the inequality

|x+2a| = 3|x—al,

where @ 1s a positive constant. [4]
Answer. la< X< Ea J14/32/Q1

4 2
1 Find the set of values of x satisfying the inequality 3|x— 1| < |2x + 1]. [4]
Answer: §<x<4_ N12/32/Q1
12 Solve the inequality |2x — 5] > 3|2x + 1. (4]
Answer: —2< X < % N15/32/Q1
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HOMEWORK: THE MODULUS FUNCTION - VARIANTS

31&33

1 Solve the inequality |x — 2| > 2x — 3.

&
Answer: b <X < 7a.

Answer: nx = % 33/J15/2
2 Solve the inequality |3x— 1| < |2x +35]. [4]
33/N14/1
Answer. —% <x<B / /
3 Solve the inequality |4x + 3| > |x| [4]
Answer. x = —1, x> —% 33/113/1
4 (i) Solve the equation [4x—1|= [x—-3]. [3]
> 4 31/J13/4
Answer: —— and —
3 5
5 Find the set of values of x satisfying the inequality 3|x— 1| < |2x + 1]. [4]
Answer. g-: X<4. 31/N12/1
6 Solve the inequality 2|x— 3| > |3x + 1]. [4]
Answer —-7T=x<1. 31/N10/1
7 Solve the inequality |x—3| > 2|x+ 1|. [4]
Answer H<x< % 33/110/1
8 Solve the inequality |x +3a| > 2|x— 2a|, where a is a positive constant. [4]
31/J10/1

9 Find the set of values of x satisfying the inequality 2|2x — a| < |x + 3a|, where @ is a positive constant.
[4]
N18/33/Q1
a ba
Answer —— < X< —
5 3
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10 (i) Solve the equation 2|x — 1] = 3|x|. [3]

(ii) Hence solve the equation 2|5* — 1| = 3|5%|, giving your answer correct to 3 significant figures.

[2]

Answers: (i) -2, % (ii) —0.569 J16/31/Q1

11 Solve the inequality 2|x — 2| > |3x + 1] [4]
Answer. -5 < x < % J16/33/Q1

12 Solve the inequality |2x + 1] < 3|x - 2|. [4]
117/31/Q1

Answer. x<1and x>7
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CHAPTER 2: POLYNOMIALS (REMAINDER FACTOR
THEOREM)

Multiplying and Dividing Polynomials

Example 1
Multiply (x* + 3x— 2) by (« — 2x— 4).

Example 2
Divide x* — 557 + x + 10 by (x - 2).

Example 4

Find the quotient and the remainder when 2x° + 32 — 4x + 5 is divided
by (x + 2).

Example 5

Find the quotient and the remainder when x* + 2x° + 3% + 7
is divided by (x* + x+ 1).

Example 6
Find the remainder when 4x* — 7x — 1 is divwided by {2x + 1).

The Remainder Theorem

When a polynomial f(x) is divided by (x - a), the remainder is f(a).

When a polynomial f(x) is divided by (ax - b), the remainder is f (%J

Example 7
Find the remainder when 4x* + x* — 3x + 7 is divided by {x + 2).

Example 8

When 16x* — ax® + 827 — 4x — 1 is divided by [2x - 1), the remainder is 3.
Find the value of a.
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Example 9
fix)=6x" +ax* +bx-4

When f(x) is divided by x — 1, the remainder is 3.
When f(x) is divided by 3x + 2, the remainder is 2.

Find the value of « and the value of 5.

The factor theorem

For any polynomial f(x), if f{a) = 0 then the remainder when f(x) is divided
by (x - a) is zero. Thus (x - a) is a factor of {{x).

For any polynomial f(x), if £ (%) = 0, then (agx - b) is a factor of f{x).

Example 10
Show that (x — 3) is a factor of ° — 35" + x* - 4x — 15.

Example 11
(x — 2) is a factor of X* — 3x* + ax — 10, Evaluate the coefficient a.

Solving Cubic equations

Example 12
Solve x* = 3x* —4dx + 12 =10.

Example 13
Solve the following equations.

a) 23+ -TFx-12=0

Example 14
The cubic polynomial ax® + bx* — 3x— 2, where a and b are constants, is

denoted by p(x). It is given that (x— 1) and (x4 2) are factors of p(x).

(i) Find the values of s and b.
(il When a and b have these values, find the other linear factor of p(x).
[Cambridge International AS & A Level Mathematics 9709, Paper 2 Q4 June 2006]
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Example 15
The polynomial 2x° + 7x° + ax+ b, where a and b are constants, is denoted by

plx). It is given that (x4 1) is a factor of p(x), and that when p(x) is divided
by (x+ 2) the remainder is 5. Find the values of aand b.

[Cambridge International AS & A Level Mathematics 9709, Paper 2 Q4 June 2008]

Example 16

The polynomial 2x* — x? + ax— 6, where a is a constant, is denoted by p(x).
It is given that (x+ 2) is a factor of p(x).

i)y Find the value of a.

{iil When a has this value, factorise p(x) completely.

[Cambridge International AS & A Level Mathematics 9709, Paper 2 Q2 November 2008]

Example 17
The polynomial x* + ax® + bx + 6, where a and b are constants, is denoted by

p(x). It is given that (x— 2) is a factor of p(x), and that when p(x) is divided
by (x— 1) the remainder is 4.

{iy Find the values of s and b.

(il When a and b have these values, find the other two linear factors of p(x).
[Cambridge International AS & A Level Mathematics 9709, Paper 2 Q6 June 2009)

Example 18

The polynomial »* — 2x+ a, where a isa constant, is denoted by p(x).
It is given that (x+ 2) is a factor of p(x).

(i) Find the value of a.
(il When a has this value, find the quadratic factor of p(x).

[Cambridge International AS & A Level Mathematics 9709, Paper 3 Q2 June 2007]

Example 19
ixample 10.9 Suppose z2+x+1is a factor of p(x) = z?—2*—92° — 10z +a,

(i) find the value of a and the other quadratic factor.

i) solve the equation p(x) < 0, showing all your workings clearly.

12 Compiled by: Salman
Farooq



HOMEWORK REMAINDER FACTOR THEOREM

The polynomial x*—2x* = 2x% + a is denoted by f(x). It is given that f(x) is divisible by 2 —dx+4.

(i) Find the value of a. [3]

(ii) When a has this value, show that f(x) is never negative. [4]

J03/Q4

Answer (i) 8.

The polynomial 2x° +ax - 4 is denoted by p(x). It is given that (x — 2] is a factor of p(x).
(i) Find the value of a. [2

When a has this value,

(i) factorise plx). (2]
{iii) solve the inequality plx} = 0, justifying your answer. [2]
Answers: (i) =3: (i) (x— 2)(2:& + x + 2): {iii) x > 2. N04/Q3

The polynomial x* + 5x + & is denoted by p(x). It is given that x* — x + 3 is a factor of p(x).

() Find the value of @ and factorise p(x) completely. [6]
(ii} Hence state the number of real roots of the equation p{x) = 0, justifying your answer. 2]
Answers: (i}a= -8, p(x) = (x2 - x +3)(x + 2)(x=1) : (i) 2. J05/Q5

The polynomial x* — 2x + a, where a is a constant, is denoted by p(x). It is given that (x + 2) is a
factor of p(x).

(i} Find the value of a. 2]
(ii} When « has this value, find the quadratic factor of p(x). 2]
Answers: (i) 4; (i) x°-2x+2. J07/Q2
The polynomial x* + 3x® + @, where a is a constant, is denoted by p(x). It is given that x> + x+ 2 is a
factor of p(x). Find the value of @ and the other quadratic factor of p(x). [4]
N07/Q2

Answers: a=4; x" —x+2.

The polynomial 4x> — 4x? + 3x + @, where a is a constant, is denoted by p(x). It is given that p(x) is
divisible by 2x” — 3x + 3.

(i) Find the value of a. [3]
(i) When a has this value, solve the inequality p(x) < 0, justifying your answer. [3]
Answers: (i) 3; (i} x=< —% N08/Q5
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The polynomial 2x° + ax® + bx — 4, where a and b are constants, is denoted by p(x). The result of
differentiating p(x) with respect to x is denoted by p'(x). It is given that (x + 2) is a factor of p(x) and

of p’(x).

(i) Find the values of @ and b. [5]
(ii) When a and b have these values, factorise p(x) completely. [3]
Answers: (i} 7, 4: (i) (x+2) (2x-1). N09/32/Q5

The polynomial 2x° + 3x* + ax + b, where a and b are constants, is denoted by p(x). It is given that
(2x + 1) is a factor of p(x) and that when p(x) is divided by (x + 2) the remainder is 0.

(i} Find the values of @ and b. [5]
(ii) When a and b have these values, factorise p(x) completely. 3]
Answers: (i) -4, =3; (i) (2x+ 1)0x + 3)(x —1). J10/32/Q5

9 The polynomial @x” — 20x” + x + 3, where a is a constant, is denoted by p(x). It is given that (3x + 1)
is a factor of p(x).

(i} Find the value of a. [3]
(i) When a has this value, factorise p{x) completely. [3]
Answer: (i) 12; (i) (3x+ 1)(2x-1)(2x—3) J13/32/Q4

10  The polynomial x* + 3x* + ax + 3 is denoted by p(x). It is given that p(x) is divisible by x* —x + 1.

(i) Find the value of a. [4]
(ii) When a has this value, find the real roots of the equation p(x) = 0. [2]
Answers. (i) a=1; (i) x=-1,x=-3 N11/32/Q3
11 The polynomial ax’ + bx* + x + 3, where a and b are constants, is denoted by p(x). Itis given that
(3x + 1) is a factor of p(x). and that when p(x) is divided by (x — 2) the remainder is 21. Find the
values of g and b. [5]
Answer a=12,p=-20 N14/32/Q3

12

The polynomial 8x° + a@x® + bx — 1, where a and b are constants, is denoted by p(x). It is given that
(x + 1) is a factor of p(x) and that when p(x) is divided by (2x + 1) the remainderis 1.

(1) Find the values of @ and b. [5]

(ii) When a and b have these values, factorise p(x) completely. [3]

Answers: () a=6,0=-3uy (x+1)(4x+1)(2x-1) N15/32/Q6
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REMAINDER FACTOR THEOREM- VARIANTS 31 & 33

1 The polynomial 4x” + ax” + bx — 2, where a and & are constants, is denoted by p(x). It is given that
{x+ 1) and (x + 2} are factors of p{x).

(i) Find the values of a and 5. [4]
(ii) When @ and » have these values, find the remainder when p(x) is divided by (x* + 1). [3]
Answers: (i) a= 11, b= 5 (ii) x— 13 33/N14/3

2 The polynomial ax’ + 5x* + x + 3, where @ and 5 are constants, is denoted by p{x). It is given that

{3x + 1) is a factor of p{x), and that when p(x) is divided by (x — 2) the remainder is 21. Find the
values of a and b. [5]

Answer a=12, b=-20 31/N14/3

3 Itis given that 2In{4x — 5} +In{x+ 1})=31In3.

(i) Show that 16x° — 24x* — 15x—2=0. [3]
(i) By first using the factor theorem, factorise 16x” — 24x” — 15x — 2 completely. [4]
(iiiy Hence solve the equation 2 In{4x — 3) + In{x + 1) = 31n3. [1]

Answer. (i) (x-2)(4x+1)2 (iii) x=2 31/114/6

4 The polynomial f{x) is defined by
f(x)=x" +ax’ —ax+ 14,

where a is a constant. It is given that (x +2) is a factor of f{x).

(i) Find the value of a. 2]
(i) Show that, when a has this value, the equation f{x) = { has only one real root. 3]
Answer (i) a=-1 33/N13/3
5 The polynomial 8 + ax” + bx + 3, where @ and % are constants, is denoted by p(x). It is given that
{2x + 1) is a factor of p{x) and that when p(x) is divided by (2x — 1) the remainder is 1.
(i) Find the values of a and b. [51
(iiy When a and b have these values, find the remainder when p{x) is divided by 2 —1. 3]
Answerr a =—10 b =-1 Answer. 3x-2 33/113/5
6  Find the quotient and remainder when 2x” is divided by x + 2. [3]
Answer. 2x—4, & 31/]13/1
15 Compiled by: Salman
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7  The polynomial p(x) is defined by
p(x) =x° — 3ax+4a,
where @ is a constant.
(i) Given that (x— 2) is a factor of p(x), find the value of a. [2]
(ii) When a has this value,
{a} factorise p(x) completely, [3]
(b} find all the roots of the equation p(x?) = 0. 2]
Answers: (i) 4 (il) (@) (x+d)(x— 2}2 {b) +‘~'F; -2, 2, -i2 31/112/3
8 The polynomial p{x) is defined by
plx) = ax’ — x* + dx—a,
where a is a constant. It is given that (2x — 1) is a factor of p(x).
(i) Find the value of & and hence factorise p(x). [4]
(ii) When « has the value found in part (i), express P':—x] in partial fractions. [5]
Answers: () 2, (2x—1x>+2); i) zi -4 i:g 33N
9 The polynomial ax® + bx* + 5x — 2, where @ and b are constants, is denoted by p(x). It is given that
{2x— 1) is a factor of p(x) and that when p(x) is divided by (x — 2) the remainder is 12.
(i) Find the values of @ and b. [5]
(ii) When @ and & have these valunes, find the quadratic factor of p(x). 2]
Answers: (i) 2, -3 (i) X -x+2. 33/111/5
10

The polynomial f{x) is defined by
f(x) = 127 +25x% — 4x— 12.

(i) Show that f(—2) = 0 and factorise f{x) completely. [4]

(ii) Given that
12x27F +25 x99 —4x3¥-12=0,

state the value of 3¥ and hence find y correct to 3 significant figures. 31

31/]111/4
Answers: (i} (x+ 2)(dx = 3)(EBx — 2); (i) —0.369.

16 Compiled by: Salman
Farooq



11 The polynomial 4x* + ax? + 11x + b, where a and b are constants, is denoted by p(x). It is given that
p(x) is divisible by x2 —x + 2.
(i) Find the values of @ and b. [5]
(ii) When a and b have these values, find the real roots of the equation p(x) = 0. [2]
Answers: a=1b=-6 N16/33/Q4
Answers: real roots ¥ and - 3/2 imaginary roots (1 + iV7)/2 or discriminant = = 7
12 ) 3 C e 2 .
The polynomial x* + 2x> + ax + b, where a and b are constants, is divisible by x> — x + 1. Find the
values of @ and b. [5]
Answer. a=1 b=2 J18/31/Q4
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CHAPTER 3: BINOMIAL EXPANSION OF (a + b)"

Example 1

Expand (1 — x)~ as a series of ascending powers of x up to and including the term
in x%, stating the set of values of x for which the expansion is valid.

Example 2
Find the first three terms in the expansion of +f(4 —x) in ascending powers of x.

Example 3

Find the first four terms in the expansion of (1 +2x?)™ and state the range of values
of x for which the expansion is valid.

Example 4

'Expand —L __in ascending powers of x, up to and including the term in &2,
{4+ x)

simplifying the coefficients.

Example 5
Find the first four terms in the expansion of L

{ 5 in ascending powers of x.
2+ x

Example 6
Expand (2 + 3x)~ in ascending powers of x, up to and including the term in
%, simplifying the coefficients.

[Cambridge International AS & A Level Mathematics 9709, Paper 3 Q1 June 2007]

Example 7
Expand (1 + x) V(1 = 2x) in ascending powers of x, up to and including the
term in «, simplifying the coefficients.

[Cambridge International AS & A Level Mathematics 9709, Paper 3 Q2 November 2008]

Example 8

Find g and & such that

1 —a+h
(1-2x)(1+3x) T

and state the values of x for which the expansions you use are valid.
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Example 9

- When (1 + 2x)(1 + ax)’, where a is a constant, is expanded in ascending
powers of x, the coefficient of the term in x is zero.

(it Find the value of a.

(il When ahas thisyall.te, find the term in x° in the expansion of
(1+ 2x)(1 + ax)3, simplifying the coefficient.
[Cambridge International AS & A Level Mathematics 9709, Paper 3 Q5 June 2009)
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HOMEWORK: BINOMIAL EXPANSION VARIANT 32

Expand (2 + x*)™% in ascending powers of x, up to and including the term in x*, simplifying the

coefficients. [4]
N03/Q2

Answer: 1-Lx®4 Ly A

1 . . . . N T w
Expand m i ascending powers of x, up to and including the term i x~, simplifying the
2+x
coefficients. [4]
AnSwer. —-— x+—x2. No4/Q1
B 16 16

1
Expand (1 + 4x) ? in ascending powers of x, up to and including the term in 0 simplifying the
coefficients. [4]

Answer 1-2x +6x% - 20x7. J05/Q1

(@) Smplify (V{1 +x) + V(1 -x))(V(1 +x) - (1 —x)), showing your working, and deduce that

1 B Vi1 +x)—+/(1—x) 2]
VL+x) ++/(1-x) 2x ' -

(i) Using this result, or otherwise, obtain the expansion of

1
VL +x)+4/(1 -x)
in ascending powers of x, up to and including the term in x*_ [4]
Answer: {ii) 1,12 N06/Q5
2 186

Expand (2 + 3x}_2 m ascending powers of x, up to and including the term in xz, simplifying the
coefficients. [4]

J07/Q1
Answer: 13 X+ 27 x2
4 4 16

Expand (1 +x) /(1 — 2x) in ascending powers of x, up to and including the term in xz, simplifying the

coefficients. [4]
Answer: 1—%12 N08/Q2
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2
When (1 +2x)(1 + ax)?, where a is a constant, is expanded in ascending powers of x, the coefficient
of the term in x is zero.

(i) Find the value of a. [3]
2
(ii) When a has this value, find the term in x° in the expansion of (1 + 2x)(1 + ax)3, simplifying the
coefficient. [4]
Answers: (i) —3: {ii) _% x® J09/Q5
8 l1-x
Expand \/ (ﬁ) in ascending powers of x, up to and including the term in x%, simplifying the
X
coefficients. [5]
12/32
Answer. 1- )(+%x2 112/32/Q3
9 When (1 +ax)~2, where a is a positive constant, is expanded in ascending powers of x, the coefficients
of x and x* are equal.
(i) Find the exact value of a. [4]
(ii) When a has this value, obtain the expansion up to and including the term in x2, simplifying the
coefficients. [3]
Answers: (i} %; {ii) 1-+2x +%x2. N12/32/Q4
10 Given that J/(1 +9x) » 1 + 3x + ax? + bx* for small values of x, find the values of the coefficients a
and b. [3]
Answer. a=-9, b =45 N15/33/Q2
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BINOMIAL EXPANSION- VARIANTS 31 & 33

Show that, for small values of .13‘,
2
(1-23) - (1+627) = ke,

where the value of the constant k is to be determined.

31/J15/3

Answer: 16

Expand (1 + 3x}_% in ascending powers of x, up to and including the term in x°, simplifying the
coefficients. [41]

Answer. 1-x +2x° —% x® 33/]14/2

Expand in ascending powers of x up to and including the term in x?, simplifying the

+ 3x
v’(l 2x)

coefficients. [4]

Answer 1+2:vf—%x2 31/113/2

When (1 + ax)~, where a is a positive constant, is expanded in ascending powers of x, the coefficients
of x and x° are equal.

(i) Find the exact value of a. [4]
(ii) When a has this value, obtain the expansion up to and including the term in x*, simplifying the
coefficients. [3]
q 31/N12/4
Answers: (i) _.'— 2 (i) 1-+2x+2 x2
{2 2
o
Expand m in ascending powers of x, up to and including the term in x?, simplifying the
coefficients. [4]
8 27 > 33/]12/1
Answer > 718 X+ 58 X
(i) Expand ﬁ in ascending powers of x, up to and including the term in x?, simplifying the
coefficients. [3]
‘ii) Hence find the coefficient of 22 in the expansion of i [2]
: s J@E—16x)"

Answers: (i) 1 +2x + 6% (i) 5 31/112/2

Expand 16 5 in ascending powers of x, up to and including the term in x2, simplifying the

coefficients. [4]

Answer 4 —dx + 3x° 33/N11/1
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Expand /(1 — 6x) in ascending powers of x up to and including the term in x°, simplifying the

coefficients. [4]
Answer, 1-2x —4x° —%Df . 31/]11/1
10 Expand (1 + 2x) in ascending powers of x, up to and including the term in x?, simplifying the
coefficients. [3]
Answer 1-6x+24x°. P
11 Expand I in ascending powers of X, up to and including the term in x>, simplifying the
P '\}r(.l +6X} gp » up < =] » plrying
coeflicients. [4]
Answer. 1—2>(+8x2—¥x3 J17/31/Q2
12 Expand (3 + 2x)™> in ascending powers of X up to and including the term in X2, simplifying the
coefhicients. [4]
Answer ———2x+ 8,2 117/33/Q2
27 27 81
13 . . . . R T
Expand m in ascending powers of x, up to and including the term in x*, simplifying the
coeflicients. [4]
18/33/Q1
Answer. 2+§x+£x;2 118/33/Q
4 64
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CHAPTER 4: PARTIAL FRACTIONS

Type 1: Proper fraction where the denominator has distinct linear factors

1 — A " B
(x+plx+g) (x+p) (x+q)

nx g _ 5 B
(ax+8Nex+d)  ax+b  cx+d

px+o A B C

- +
(ax+b){ex+d){ex+ ) ax+d ex+d ex+f

Example 1

Express &% in partial fractions.
Example 2

Express [21_?1}_[?_ 3) in partial fractions.
Example 3

Express ﬁ in partial fractions.

Type 2: Proper fraction with repeated linear factor in the denominator

1 . A ., B
(x+p° (x+p) (x+p)

| S B
(ax+bF  ax+bh  (ax+b)P
Example 4
Express o Tl in partial fractions.

(x —2)(2x + 3y
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Example 5

2x . . .
Express —4}2 1n partial fractions.
X —

(

Example 6

Express

in partial fractions.

9

Type 3: Proper fraction with a quadratic factor in the denominator that cannot be

factorized
1 = A n Bx+C
(x+p)P+q) x+p xP+g
pPx+gq W Bx +C

{ax + B)ex? +d) T ax+h b

Example 7

Express =% —* t6 i partial fractions.
{2+ 1)(x"+2)

Example 8
Eas _ oy
Express —>~ X © 47 in partial fractions.
(2x - 13 - x%)
Example 9
T gl
Express S dx—g in partial fractions.

(- D +2)

]
ex= 4

Type 4: Improper fractions

They can be split into partial fractions by first doing long division,
and then splitting the remainder into partial fractions using one of

the techniques discussed in types 1, 2, and 3:
v Byx+C

(x+ ;:;}{x +g) At (x+p)x+ g)

25
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Example 10

Express ?X—EF—TZ-}- in partial fractions.
X — X
Example 11

Find the values of the constants A, B, C, and D such that

kY e s :
3x +.:x +6"'+4=A+§+£2 D
a(x+1) X X x+1
Example 12
Txl —3x 472 . . .
I artial fractions. 5]
Express X2 + 1) np

Cambridge International A Level Mathematics 9709 Paper 31 Q3 June 2013
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Partial Fractions with binomial Expansions

Example 13
a) Express % in partial fractions.
{x+Dix-1)
b) Hence obtain the expansion of ——— in ascending powers of x, up to and

including the term in % (x +1)(x — 1)
Example 14

. 10x+1 . ) .
Given that f{x) = m » express {{x) in partial fractions and hence obtain the expansion of f{x) in

ascending powers of x, up to and including the term in x°. State the range of values of x for which the expansion is
valid.

Example 15
. 45 +12
Let f(I) = m
i  Express {{x) in partial fractions, [51
ii Hence obtain the expansion of f{x) in ascending powers of x, up to and including the term in x2. I51
Cambridge International 4 Level Mathematics 9709 Paper 31 Q8 June 2016
Example 16
it = Tx—
Let f(x) = =X —7¥-1

(x=2)(x*+3)
i  Express f{x) in partial fractions,

151

il Hence obtain the expansion of f{x) in ascending powers of x, up to and including the term in x2. I5]

Cambridge International A Level Mathematics 9709 Paper 31 Q7 November 2013

Example 17
Ix
Let ="
ftx) 1+ 0 + 242)
i  Express f(x) in partial fractions. 151
i Hence obtain the expansion of f(x} in ascending powers of x, up to and including the term in x* 5

Cambridge International 4 Level Mathematics 9709 Paper 31 08 November 2010
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PARTIAL FRACTIONS VARIANT 32

O-x-2

Letf(x) = ——————.
= o@D
(i) Express f(x)} in the form
" B +Cx+D
x-1 x2+1°

where A, B, C and D are constants. [5]

Iy NO03/Q8

—_
¥=1 x%41

Answer: (i) 1-

: ; 3 : ; ; ;
An appropriate form for expressing ﬁ in partial fractions is
x X —

A B

+—
x+1 x-27

where 4 and B are constants.

(a) Without evaluating any constants, state appropriate forms for expressing the following mn partial

fractions:
4
i) ————— 1
O crnE s [
2x+1
iy =<+t 5
® G+ (21
N04/Q8
Answer (a)i} ——+2X2C . A B € o A  Bx+C
’ x+4  x2+37° 0 x=2 x+2 (x+2f  x-2 (x+2f
Tx+4
Letf(x)= ———— .
) = e 1)2
(@) Express f(x) in partial fractions. [5]
Answer: (i) E —L:— 5 N06/Q8
2x+1 x+1 (x+1F
by L A3xt3
(x+1){x+3)
(i) Express f(x)} in partial fractions. [5]
Answer: (i) 1+ T3 J08/Q7
2x+1) 2A{x+3)
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(i) Express % in partial fractions. [4]
Answers: (i) ~+ 2,1, J09/Q8
x x* 10-x

(i) Find the values of the constants A, B, C and I) such that

ﬂ = + E + E + D [5]
X(2x—-1) x 2 -1
Answers: (i) 1, 2, 1, -3. J10/32/Q10
Let f(x) = 9"2—+4
(2x + 1)(x—2)?
(i) Express f{x) in partial fractions. [5]
(ii) Show that, when x is sufficiently small for x> and higher powers to be neglected,
f(x) = 1= x+5x°. [4]
Answer: (i) 1 + 4 + 8 or 1 + ax Jos/Qe
’ 2x+1 x-2 {x_g}z 2% +1 { _2}2'
2
X +7x-6
Let i) = e e e )
(i} Express f(x) in partial fractions. [4]
(ify Show that, when x 1s sufficiently small for x* and higher powers to be neglected,
f(x)=-3+2x— 3 + 12 [5]
J04/Q9
Answer (i) - L + b 2 .
¥x—1 x-2 x+1
(i) Express 3 +x mn partial fractions. [5]

(x+2)(x2 +1)

]
(if) Hence obtain the expansion of _ X x| +,,x in ascending powers of x, up to and including the
(x+2)(x"+1)
term in x°. [5]
- N05/Q9
Arnswers: (i} 2 +.x_1 : (i) 1x+£x2 _g_xa )
2+x x?41 24 B
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10

10
() Express m in partial fiactions. [5]
.. : . ) 10 i X
(ii) Hence, given that |x| < 1, obtain the expansion of m in ascending powers of x, up to
and including the term in X, simiplifying the coefficients. [3]
L2 2x+4. . _ 5 15 5, 15 J06/Q9
Answers: (I} —+———; (i} S+ —x ——x".
”2—:{ 1+x2'” 27 4 8
1 2—x+8x
(i) Express -9 +>02+0 in partial fractions. [5]
(ii) Hence obtain the expansionof 2-x 480 in ascending powers of x, up to and includin
= 1-(1+202+0 £P P £
the term in x°. [5]
. NO07/Q9
Answears: (i) L:— 2 —i; (i} 1—2x+£x' Q
T-x 1+2x 2+x 2
1
12 (i) Express m in partial fractions. [5]
(ii) Hence obtain ion of — aEM__; di £x, up to and including t
ii) Hence obtain the expansion o -0+ in ascending powers of x, up to and including the
term in x°. [5]
- N 2
Anzwers: (i) 2 1 2x -} o L) 14. x 4.3){2_ 09/3 /Q8
31-x 3fzax?) 2
13 i ix
Let fix) = ————— .
(1 +x)1 + 2x°)
(i Express f(x) in partial fractions. 151
(i1} Hence obtain the expansion of T{x) in ascending powers of X, up o and including the term in x°.
[51
Al —— + 2”1 - (i) 3x—34— 32 N10/32/Q8
1+x 1+2x
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14

G4+ Tx
Letin = = a v

(i) Express f(x) in partial fractions.

[4]
(ii) Show that, when x is sufficiently small for x* and higher powers to be neglected,
f(x) = 3 + 5x — Lx* — 1557, 5]
Answer. (i) ——+ 2241 N02/Q6
2-x 1+x
15 -x . :
(i) Express ———————— in partial fractions. [5]
(1+x)(2+x7)
(ii) Hence obtain the expansion of Lx_q in ascending powers of x, up to and including the
(1+x)(2+x%)
term in x3. [5]
Answers: (i) - 2 LA;; (i) Sy_ax2ilye, J11/32/Q8
+Xx 24+ x 2 4
16 2
(3-Zx)(x +4)
(i) Express f(x) in partial fractions. [5]
(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.
(5]
Answers: (i) CHI - : (i) LA N D J15/32/Q8
3-2x x’+4 2 12 72
17 22— Tx—1
Letf(x) = ——
(x—2)(x" +3)
(i} Express f(x) in partial fractions. [5]
(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x°.
(5]
Answer. (i) 1 31 : (i) 15 e N13/32/Q7
X-2 x243 6 4 72
x -8
Letf(x)= — X9
(1-x){2—x)
(i) Express f(x) in partial fractions. [5]
(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.
(3]
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2 __1 + 3 ,or 2 + X+ 1 (u;g+§x+£x2 N14/32/Q9
(1-x) (2-x) (2-xY (1-x) (2-x)? 4 2 16

ANSWers: (1)
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PARTIAL FRACTIONS- VARIANTS 31 & 33

1lx+7

Let f{x) = ————.
(2x - 1)fx +2)°
(i) Express f{x) in partial lractions. [3]
33/J15/10
Arrawers: (i) 2 1 3

Ix1 x+2 (x+2)2

Let f{x) = i—lrgz
(1-x){2-x)
(i) Express f(x) in partial fractions. [3]

(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x°.

[5]
1 3 2 x+1 .9 5 39 , 31/N14/9
Answers: (i - + L or + i —+=x+—x
T ST 2-x% (-5 (2-x2 W 5+2% 36
6+6x
Let ()= ———
(2-x)(2+x)
A D, A
Answer. (i) A=3,B=3,C=0 33/]14/8
4+ 12x +x°
(i) Express +—+2 in partial fractions. [5]
(3 —-x)(1+2x)
4+ 12x+x*
(ii) Hence obtain the expansion of +—+x2 in asecending powers of x, up to and including
{3—x)(1+ 2x)
the term in x°. [5]
31/]14/9
Answers: (i) 1 + 3 - 1 ar 1 + 3x+1 (i} i—Ex+ix2
I—-x 21+2x) A1+ 2x) 3-x (1+2x) 3 9 27
(i) Express x +8 in partial fractions. [5]

(1 +x)%(2- 3x)

ii) Hence expand ﬂ in ascending powers of x up to and including the term in x2,
(1+x)°(2-3x)
simplifying the coefficients. [5]
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3 4 33/N13/8

-1 25
Answer: (i " " i) 4-2x 4 = x2
wer: @) 1-|-x|.|:1.,.x}2 "D ax o e
(i) Express Lﬁxz in partial fractions. [5]
(B3—x)1+x7)
(ii) Hence obtain the expansion of M in ascending powers of x, up to and including the
(3—x)(1+x)
term in x°. [5]
LB 2x+1 . 4 T 5 56 3 33/N12/9
Answers. (i) X P (i) 3 3;{ gx z?x .
48 —Tx—1
Letf) = =3y
(i) Express f{x) in partial fractions. [5]
)22 1 33/]12/8
Answer. (ii) 2 1 I3
12+ 8x— 22
Letfix)= ——.
M= a9
. . A  BxiC
(i} Express [{x) in the form P + L [4]
Answer. (i) 3 +—J”f = 31/N11/8
2-x 4+x°
9 3x
Letf(x)= ————-.
&= Tna29
(i) Express f(x) in partial fractions. [5]
(i) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x>,
[5]
Answers: (i) ———+-2XF1 iy ax_ a2 31/N10/8
T+x  14+2x*
10 (i) Express M in partial fractions. [5]
(1—2x)(2 +x)?
. . . 4+ 5x—x> . . .
(ii) Hence obtain the expansion of ———————— in ascending powers of x, up to and including
(1—2x)(2 + x)*
the term in x°. [5]
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] ] 5 33/J10/9

1-2x" 2+% ([+xf

Answers: (i} (i) 1+ %x-‘- ?f.

(i) Express in partial fractions. [2]

(x+1)(x+3)

(ii) Using your answer to part (i), show that

~

1 1 31/110/8
Answer: (i) - .
x+1 x+3
12 32 +x46
Letf(x)= — >~
x+2)(x"+4)
(i) Express f(x) in partial fractions. [5]
(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in xZ.
[5]
2 _1 N16/33/Q8
Answer: +'§— Answer E_.li,ixz
X+2 x°+4 4 4 186
13 dx* + 12
Letf(x) = —— * 2
(x+ 1)(x-3)?
(i) Express f(x) in partial fractions. [5]
(ii) Hence obtain the expansion of f(x) in ascending powers of X, up to and including the term in x2.
[51
Answers: (i) L + 3 + 12 , (i) i_ix + ixz J16/31/Q8
x+1 x-3 (x-3f 3 9 3
932
W ety = X2
(x+3)(x-1)
(i) Express f(x) in partial fractions. [3]
(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x2.
[5]
y - 1 2 3 x+1 . 10 44 , J16/33/Q10
Answer: (i) ——+——+ or + ;i) —x+—x
X+3 x-1 (x-1°  x+3 (x-1? 3 9
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15 12x2 £ dx — 1

Let f(x) = m
(i) Express f(x) in partial fractions. [5]
15
(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x°.
[5]
Answer- (i) 4.3 1 (i) 1.8, 3B, J18/31/Q9
x-1 3x+2 2 4 8
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CHAPTER 5: EXPONENTS AND LOGARITHMS

Exponents

Example 1
Find the values of (a) 1007 (b) 327%,

Example 2
Show that (@) 3% = 2, (b) 21 x &+ = 43!

Example 3
Solve the equations (a) 3* = 81, (b) 8 = 0.25.

Example 4
Solve the equation 2% + I = 9 x 27,

Example 5
Solve the equation 2%+ + ][5 x2* -8 = 0.

Example 6
Solve the equation 2* + 2% = 3,

Example 7
Solve the simultaneous equatiotis
Fxy=1 ' (L)
1 "
and 2Exg =g | (ii)
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The Exponential Function

e T b

A function f(t) = a x ', where # is real,

gives exponential growth (v > 1) or decay (r < 1).

i), i),
61 / 61
/ £\

e A e A o e e

t

~Y

0 1+ 2 3 4 5 6 7 00 1 2 32 45 6 7 8

f{(#) = 1.4 x 1.3' The initial value of f(#) = 5 x 0.8 The initial value of
the function, a, is 1.4. We also see that the function, a, is now 5 and
r=1.3 > 1, meaning this function r = 0.8 < 1, meaning this function
describes exponential growth. describes exponential decay.

The Logarithmic Function

The graph shows the function y = 2*in blue, and the inverse of this ¥,
function in green (recall that the inverse function is the mirror 10 [r=tn  ,
image of the function in the line y = x). 8 /

This inverse function is known as the logarithmic function. [

4- s
'The logarithmic function is the inverse of the exponential 24 /” x =1}

N

funetion to the same base. —T—
57

-10 -8 -6 4

The green graph shown here is the logarithm to base 2, because o]
the blue graph shows 27, S "

The exponential function has domain the set of all real numbers, -
with range the positive real numbers, so it follows that the
logarithmic function is defined on a domain of the positive
real numbers and its range is the set of all real numbers.

Formally, we define the logarithmic function by

y=b"< x=log,y, wherexecR, yelR y>0
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Example 8

Convert 5% = 125 to logarithmic form.

Example 9
Write in logarithmic form: (a) 32 = 9, (b) X’ = 10. (¢) 27 = Tf;_

Example 10

Convert logs x = 2.5 to exponential form.

Example 11
Write in exponential form: (a) 4 = log, x, {b) x = log; 7, (c) 2 = log, 5.

Example 12
a) Write these in the form y = b*
i) log 64=6 i) log m=p
b) Write these in the form x = log, y.
i) 572 =0.008 ii) =R
Example 12
Find the value of
a) log, 16 b) log, 243 c) log 1000 d) log 343.
Example 13
Find the value of
1
logs 16 el
a logs b logs
Example 14

| G
‘ Simplify 1og_,_.[£f"].
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Laws of Logarithms

Maultiplication law Division law Power law

log, (xy) = log, x +log, » loga( %] = log, x — log, ¥ log,(x)" = ntlog, x

\ 4

P
log“(;J =—log, x

Example 15

Given that logy p = x and logg g = y, express in terms of x andfor y

4
a logy p° - logsq’ b logsfp +5logsifg c Iog.l[%] :
Example 16
Use the laws of logarithms to simplify these expressions.
a loga3+log,5 h log:8-log.d c 2logs2+logs3
Example 17
Example 9
Express these in terms of log x;, log y, and log z.
xyl \’l)’-
a) logxy b) log(7j c) log - ]
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The Natural Logarithm

2.3 e* and logarithms to base e

You have seen that you can use any positive real number as a base for
a power or logarithmic function, but in practice two bases are very
commonly used, and they are available on your calculator.

e The button marked uses base 10 since our number system is

based on powers of 10.
e 'The E’buﬂon uses base e (= 2.71828 ...). These are sometimes

called natural logarithms because of some special properties the
number represented by ‘e’ has when used in an exponential function.

The blue graph is y = e* and the green graph is y = log x
(also known as y = In x). These are inverses and are
similar to the graphs you saw earlier at the beginning of
section 2.2. One feature to notice abouty =¢*isthatas
X increases, not only does e* also increase, but its rate of
increase (the gradient of the graph) gets larger.

-10

Inxor lngcx is the inverse function of e*.

If y=e* thenx=Iny
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Solving Equations using Logarithms

Example 18
Solve the equation 4* = 16 by taking logarithms of both sides. -|

Example 19

‘ Solve the equation 5* = 3!,

Example 20
Solve, giving your answers correct to 3 significant igures.

a sl 7 h 3 = Ax+d

Example 21

Solve the equation 2(3**) + 7(3*) = 15, giving your answers correct (o 3significant figures.

Example 22
Solve:
a 2logglx+2)=logy(2x+19) b 4log,2-log,4=2

Example 23
Solve the equation log (2 +x) =2 + log x.

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

Example 25
Solve the equation log, (2 — x) - 2log  x=1.

Solving inequalities using logarithms

Example 26

Solve the inequality 0.6" < 0.7, giving your answer in terms of base 10 logarithms.

Example 27

Solve the inequality 4 x 3**~! =5, giving your answer in terms of base 10 logarithms.

Example 28
Solve the following inequalities.
a) 5:<133 b) (0.4)* < 0.0001
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Applications of Logarithms

Example 29

A sum of money 3F is invested at a compound interest of r% per year.

(a) Show that it will amount to $P(1 + 355)" after n years.

(b) If the rate of interest is 8%, after how many years will the sum of money be
doubled?

Example 30

Given that y = ax® + 3 where a > 0 and that y = 8 when x = 2 and y = 48 when
x = 8, find the values of a and b.

Example 31
4 Use logarithms to solve the equation
§xt3 = gl
giving the answer correct to 3 significant figures. [4]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q1 November 2015
Example 32
8 i Giventhat y=2% show that the equation
2¥ +3(2) =4
can be written in the form
yr-4y+3=0. 13
ii Hence solve the equation
27 4 3(27%) = 4,
giving the values of x correct to 3 significant figures where appropriate. 13]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 June 2010
Example 33
November 2014/31 Question 1 2

1  Use logarithms to solve the equation e* = 32, giving your answer correct to 3 decimal places.  [3]

Example 34
June 2014/31 Question 6

6 TItisgiventhat2In{4x—5)+In(x+1)=3mn3.

(i) Show that 16x° — 24x” — 15x —2 = 0. [3]

(ii) By frst using the factor theorem, factorise 16x° — 24x° — 15x— 2 completely. [4]

(iii) Hence solve the equation 2In{4x— 5} +In{x + 1) = 31n3. [1]
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Example 35
June 2014/32 Question 2

2 Solve the equation
2In(5 - e ) =1,

giving your answer correct to 3 signif cant f gures. [4]
Example 36
June 2014/33 Question 1
1  Solve the equation log,,(x + 9) = 2 + log;, x. [3]
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CHAPTER 6: LINEAR LAW

Using Logarithms to reduce equations to linear form

Many scientific, economic, and social science quantities can be described (at least
approximately) by relationships which follow either an exponential growth or
decay law, or else a power law. If we take logarithms of an equation which

follows either of these two laws, we transform it into a linear expression.

This allows values of unknown constants to be estimated from observational data.

Exponential growth or decay:

y=ab' =>logy =loga+ tlogh

You know some examples
of power laws in

Power law: geometrical formulae for
dreas and volumes.

The graph of ‘log ¥’ against °f has intercept loga” and gradient ‘log b’

y=ax"= logy =loga+ nlogx
The graph is of logy’ against logx” and has intercept ‘loga’ and gradient n.

Example 1

By taking logarithms, transform these relationships between the two stated variables into
a linear relationship between two new variables, and state the new variables.

a) yand {are related by y = 75",
b) yand x are related by y = ax®.

Example 2
In order that each of the equations
@) y=ab’
@) y=Ark,
(iii) px+gy=xy,
where a, b, A, k, p and g are unknown constants, may be represented by a straight line, they each need

to be expressed in the foom ¥ = mX + ¢, where X and Y are each functions of x and/or y, and m and ¢
arc constants. Copy the following table and insert in it an expression for ¥, X, m and ¢ for each case.

¥ X m c
y=ab*
y = Axk
X+ gy =Xy
R 7]
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Example 3

For the following linear equations involving logarithms, find the relationship between the
unknown variables, giving your answer in a form not involving logarithms.

a) log y=2+3log x b) log A=log m+2log r ¢) log v=03+07x

Example 4

(0.64, 0.76)

(1.69, 0.32)

(8]

The variables x and v satisfy the equation v = Ae_h‘z, where 4 and X are constants. The graph of Iny
against 37 is a straight line passing through the points (0.64, 0.76) and (1.69, 0.32), as shown in the

diagram. Find the values of 4 and & correct to 2 decimal places. [3]

Example 5
Variables f and N are such that when lg N is plotted against 1g#, a straight line graph passing
through the points (0.45, 1.2) and (1, 3.4) is obtained.

IgN A
(1,3.4)

(0.45,1.2)

o/ lgz

(i) Express the equation of the straight line graph in the form lgN=m lgt+ lge, where m and ¢

are constants to be found. [4]
(ii) Henece express Nin terms of . [1]
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Iny g
5
4
(1.5,3.5)
3 T
2
(3.0, 1.55

1

0 1 2 3 4 5 l
xX

The variables x and y are such that when Iny 1s plotted against % the straight line graph shown above 1s
obtained.

(i) Giventhat y= Ac%, find the value of 4 and of 5. [4]
Example 7

Fig.16.7 shows the straight line obiained by plotting lg y against Ig x.
Find

(a} lg y in terms of Ig x, bigy

(bj y in terms of x,

(c) the value of x wheny = 700. (0.4)

6.2)
’ > Ig
0 g
Fig. 16.7
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Example 8

The variables x and y satisfy the relation 5% = 3**!, By taking logarithms, show
that the graph of y against x is a straight line, and find the exact values of the
gradient and the intercept.

Example 9

When In y is plotted against x* a straight line is obtained which passes through the points (0.2, 2.4) and
(0.8, 0.9).

() Express Iny in the form px’+ g, where p and g are constants. [3]
2
(ii) Hence express y in terms of z, where z =¥ . [3]
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HOMEWORK: EXPONENTS AND LOGARITHMS
VARIANT 32

(i) Show that if y = 2% then the equation

227" =1
can be written as a quadratic equation in y. 2]
(ii) Hence solve the equation
F_2 o1 [4]
Answers: (i) y2 -y —1=0 (ii) 0.694. J04/Q4

Solve the equation
In(1+x)=1+Inx,

giving your answer correct to 2 significant figures. [4]
Answer: 0.58. N04/Q2
Given that x = 4(37), express y in terms of x. [3]
Ind—Inx Jo6/Q1
Answer, ————.
In3

Using the substimtion & = 3%, or otherwise, solve, correct to 3 significant figures, the equation

F=24+37 [6]

Answer: 0802 J07/Q4

Solve, correct to 3 significant figures, the equation

& e = ¥ [5]

Answer: 0.481. J08/Q2

Solve the equation

fx +2) =2 +1nx.

siving your answer correct to 3 decimal places. [3]

Answer 0313 . N08/Q1
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Solve the equation In(2 +e™*) = 2, giving your answer correct to 2 decimal places. [4]

Answer. —1.68. Jo9/Q1

8 Solve the equation
In(5-x)=In5—-Inux,

giving your answers correct to 3 significant figures. [4]
Answers: 138, 3.62. N09/32/Q1
9 Solve the equation

In(1 +x*)=1+2Inx,

giving your answer correct to 3 significant figures. [4]
Answer 0.763. N10/32/Q2
10 Solve the equation
2+ 10
7T
giving your answer correct 1o 3 significant figures. 141
Answer. 0.585 J10/32/Q1
11 Iny
A
2
x
1 »
0 1 2 For ik
Two wvariable quantities v and 1 are related by the equation v = .Ax", where 4 and » are constants.
The diagram shows the resnlt of plotting In 1 against lnx for four pairs of values of x and y. Use the
cdiagram to estimate the values of A4 and ». [5]
Answers: A =2.01; n=0.25. N05/Q2
12 ; T £
Solve the inequality |2 E| < 5. [4]
Answer. 158 < x < 3.70. N03/Q1
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13 (I} Show that the equation

log,,(x+5)=2~log, x

may be written as a quadratic equation in x. [3]

(if) Hence find the value of x satisfving the equation

logo(x+ 3} =2 = log,x. 21
Answers: (i) x%+5x—-100=0: (i) 7.81 . NO02/Q3
14  Find the set of values of x satisfving the inequality |3* — 8| < 0.5, giving 3 significant fizures in your
anEwer. [4]
Answer 183 = x=185 . N06/Q1

15 (i) Show that the equation
log,(x+5) =5 —log, x

can be written as a quadratic equation in x. [3]

(ii) Hence solve the equation

log,(x+5) = 5-log, x. [2]

Answer. (ii) 3.68. J11/32/Q2

16 Solve the equation
In(3x +4) = 2In(x + 1),

giving your answer correct to 3 significant figures. [4]
Answer. 2.30 J12/32/Q1
17
In v
A

(0.64, 0.76)

(1.69, 0.32)

» 12
O

The variables x and y satisfy the equation y = Ae‘hz., where A and & are constants. The graph of Iny
against x? is a straight line passing through the points (0.64, 0.76) and (1.69, 0.32), as shown in the

diagram. Find the values of 4 and k correct to 2 decimal places. [5]
Answer. A=2.80, k=042 J13/32/Q3
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18  Solve the equation
2In(5 -e™) =1,
giving your answer correct to 3 significant figures. 4]
Answer. —-0.605 J14/32/Q2

19 Using the substitution u = 4%, solve the equation 4% + 4* = 42, giving your answer correct to
3 significant figures. [4]
Answer. 0.0466 J15/32/Q2

20 Using the substitution & = &%, or otherwise, solve the equation

ef=1+6e™,
giving your answer correct to 3 significant figures. 4]
Answer. 1.10 N11/32/Q1
21  Solve the equation
57t=5_5
giving your answer correct to 3 significant figures. [4]
Answer. 1.14. N12/32/Q2

22 Solve the equation 2 |3* — 1| = 3%, giving your answers correct to 3 significant figures. [4]
Answer. 0.631, -0.369 N13/32/Qz2

23

Use logarithms to solve the equation e = 32, giving your answer correct to 3 decimal places.  [3]

Answer. 22.281

N14/32/Q1

24 Using the substitution # = 3%, solve the equation 3* + 3% = 3** giving your answer correct to
3 significant figures. [3]
Answer. 0.438 N15/32/Q2

Farooq
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HOMEWORK: EXPONENTS AND LOGARITHMS-
VARIANTS 31 & 33

Solve the equation In{x + 4} = 2Inx + In4, giving your answer correct to 3 significant figures.  [4]

Answer: x=1.13 33/J15/1

Use logarithms to solve the equation 2°* = 3! giving the answer correct to 3 significant figures.
[4]

Answer: 0.866 31/]15/1

{i) Sketch the curve y = In{x + 1) and hence, by sketching a second curve, show that the equation
x +Infx+ 1) = 40

has exactly one real root. State the equation of the second curve. [3]

Answers: (i) ¥ = 40— x® _ (iii) 3.377, (iv) 1.48 33/N14/9

Use logarithms to solve the equation e* = 32, giving your answer correct to 3 decimal places. [3]
Answer. 22 281 31/N14/1

Solve the equation log {x + %) = 2 + log , x. [3]

Answer. x = 1 33/]14/1

11

Itis given that 2In{dx — 5} +In{x+ 1)=31n3.

(i) Show that 16x’ — 24x” — 15x—2=0. [3]
Answer: 31/]14/6
Given that 2 In{x + 4) — Inx = In{x + &), express x in terms of a. [4]

Answer: 33/N13/1

=]

It is given that In{y + 1) — Iny= 1+ 3 Inx. Express y in terms of x, in a form not involving logarithms.

[4]

. 33/]13/2
Answer. }r={ex3—1]" 13/
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9 (i) Solve the equation |[4x—1|= [x - 3|. [3]
(ii) Hence solve the equation [4"*' — 1| = |4 — 3| correct to 3 significant figures. [3]
2 4 31/]13/4
Answer —— and = Apswer. -0.161
10 Sclve the equation
In(x+5)=1+Inx,
giving your answer in terms of e. 3]
33/N12/1
Answer = . Siid
e-1
11  Solve the equation
51=-5_5
giving your answer correct to 3 significant figures. [4]
Answer. 1.14. 31/N12/Q2
12 Solve the equation In{2x+3) = 2Inx + In 3, giving your answer correct to 3 significant figures.  [4]
Answer. 1.39 33/112/2
13 Solve the equation |4 — 27| = 10, giving your answer correct to 3 significant figures. [3]
Answer. 3.81 31/112/1
14 Using the substitution &4 = &7, or otherwise, solve the equation
gf=1+627",
giving your answer correct to 3 significant figures. [4]
Answer. 1.10 31/N11/1
15 Use logarithms to solve the equation 52! = 2(3%), giving your answer correct to 3 significant figures.
[4]
Answer: 1.09. 33/111/1
16  The curve with equation
6e™® + ke¥ +e% =,
where k and ¢ are constants, passes throuph the point P with coordinates {In3, In 2).
(i) Show that 538+ 2& =c. [2]
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31/]11/Q5

17  Solve the equation
In{l +x*)=1+2Inx,

giving your answer correct to 3 significant figures. [4]

Answer. 0.763. 31/N10/2

18 The variables x and y satisfy the equation y* = Ae®®, where A is a constant. The graph of In y against
X is a straight line.

(i) Find the gradient of this line. [2]

(if) Given that the line intersects the axis of Iny at the point where Iny = 0.5, find the value of A
correct to 2 decimal places. [2]

Answears: (i) % (ii) 448 33/J10/2

19  The variables x and y satisfy the equation x"y = €, where # and C are constants. When x = 1.10,
¥ =5.20, and when x = 3.20, y = 1.05.

(i) Find the values of # and C. [5]
(ii) Explain why the graph of Iny against Inx is a straight line. [1]
Answers: (i) 1.50, 6.00. 31/]10/3
20 Sketch the graph of y = ¢®* — 1 where @ is a positive constant. [2]
N15/33/Q1
21 Itis given thatz = In(y + 2) — In(y + 1). Express y in terms of z. [3]
2_g? N16/33/Q1
Answer: y = — p
E —

22  The variables x and y satisfy the relation 3 = 427~

(1) By taking logarithms, show that the graph of y against x is a straight line. State the exact value
of the gradient of this line. [3]

(ii) Calculate the exact x-coordinate of the point of intersection of this line with the line with equation

y = 2x, simplifying your answer. [2]
Answer: (i) yin3 = 2In4 — xIn4, - M; (ii) x = In4 or logas16, etc. J16/33/Q2
In3 In6
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23 Usi ng the substitution i = ", solve the equation 4™ = 3e® + 4. Give your answer correct to 3 significant
figures. [4]
Answer. x=-0.405 J17/33/Q3

24 Showing all necessary working, solve the equation In(x* — 4) =41nx — In4, giving your answer correct
to 2 decimal places. [4]
Answer: 1.52 J18/31/Q1

25 Showing all necessary working, solve the equation 5% = 5* + 5. Give your answer correct to 3 decimal
places. [5]

Answer. x=0.638 J18/33/Q2
v
56 Compiled by: Salman

Farooq



CHAPTER 7: TRIGONOMETRY

Example 1

Solve

a) 4sinf=2cosBfor0° < @< 360°
b) 2(sin*B-cos’@) =1for0=0=2m

Secant, Cosecant & Cotangent

sec@= 1 cosec B = : i l cos?
cos 8 " sind colg= tan® | sin @
Example 2
Solve for 0° < @ < 360°,
a) secB=2 b) cot*@=3 c) 11 +3cosec20=1
Further Trigonometric Identities
1 +tan’ B =sec’ P
1 + cot’ @=cosec’ @
Example 3
Prove the identity (tan 8 + cot 8)* =sec’ § + cosec? 6.
Example 4
Solve the equation sec*@+ tan@— 1 = 0 for 0°= 8 < 360°.
Example 5
Solve sec? x —tanx —3 =0 for 0° = x = 360°.
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Compound angle formulae

sin{A + B)=sinA cosB + cosA sinB
sin(A - B)=sinA cosB - cosA sinB
cos(A + B)=cosAcosB -sinA sinB

cos(A —B)=cosA cosB +sinA sinB

tanA +tan B
tan(A + B) = 2naT g

| -tanAtan B

tan A - tan B
tan{A — B) = aa 30

| +tanAtan B

Example 6
Prowve that 2 ms[ﬂ' — —E] =cos 9+ \E sin 8.

Example 7

. . 4 . ]
Criven that sin A4 = 3 and cos B = % where A is obtuse and B is acute, find the value of:

a sin(A+ B) b cos(4-B) ¢ tan(d - B)

Example 8
By considering sin(45° + 30%), prove that sin75° = 143 :

N

Example 9
Solve the equation cos{8 + 60°) = 2 sin(8 — 45°) for 0°< € < 360°,

Example 10
Solve the equation sin(60° — x) = 2sinx for 0° < x < 360°.
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Double angle formulae

sin2A =2sinAcosA cos2A =cos’ 4 —sin’A ,_ 2tanA
tan2A= —

=2cos A -1 1—tan™ A
=1-25n"A

Example 11

in 28
Prove that a) Y o tané
1+ cos 28
Example 12

g —sin &
. Prove that sec28 - tan28 = e —ATY,

cos & +sinf
Example 13
Given that sinx = —% and that 180° < x < 270°, find the exact value of:
a sinZx b cosZx c tan%
Example 14

Solve the following equations for 0° < @ < 360°,
a) 4s5in28=sinf b) cos28=cos@

Example 15

Solve the equation sin2x =sinx for 0° = x = 360°.

Example 16
Solve the equation cos2x +3sinx =2 for 0= x=<2m

Example 17
Express cos 36 in terms of cos 6.

Example 18
Jtan x —tan’ x

Prove the identity tan3x =

1-3tan’ x
Example 19
. : 2sin{x - i
Prove the identity {x-y) =¢ot p— oot
cos{x — y) —cos(x + ¥)
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Example 20

8 i Show thatthe equation tan(x +45°) = 6tanx can be written in the form 6 tanl x— Stanx+1=10. 3

i Hence solve the cquation tan(x +45°) = 6tanx, for 0°< x < 180°. 13]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q3 June 2010

Example 21
By expressing the equation cosec# = 3siné +cot@ in terms of cos@ only, solve the equation
for 0°< g =< 180 151
Cambridge International A Level Mathematics 9709 Paper 31 Q3 June 2016
Function of Trigonometry
asinfthcos@ = Rsin(@+o) and acosf+hsingd = Rcos(8 F )
where R =a?+5%, taner=2 and 0° < o < 90°,
&
Example 22

a) Express 2sin 0 + cos @in the form R sin(€ + o) where R >0 and 0° < & < 90°, giving the exact
value of R and the value of ¢ correct to 2 decimal places.
b) Hence solve the equation 2sin 8+ cos 8 = 2 for 0° = 6 < 360°.

Example 23
a Express 2cosf -3sinf in the form Ecos(@+ o), where B> 0 and 0° < ¢ < 907,
Give the exact value of R and the value of @ correct to 2 decimal places.

3 Hence solve the equation 2cos8—3sinf =13 for 07 <@ < 360°.

Example 24
10 i Express 3cosf@+sinf inthe form Reos(f — @), where R>0 and 0°<o < a0°, giving the exact
value of R and the value of & correct to 2 decimal places. 3]
ii Hence solve the equation 3cos2x +sin2x = 2, giving all solutions in the interval 0% = x = 360°. [s1
Cambridee International AS & A Level Mathematics 9709 Paper 21 Q7 November 2013
Example 25

June 2013/32 Question 7

7 (i) By fi st expanding cos(x + 45°), express cos{x + 45°) — (¥2) sinx in the form R cos(x + ),
where R > 0 and 0° < o < 90°. Give the value of R correct to 4 signifi ant figu es and the value
of & correct to 2 decimal places. [5]

(ii) Hence solve the equation
cos(x +45°) — (2) sinx =2,

for 0° < x < 360°. [4]
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Example 26
a) Express3cos8+ J3 sin @ in the form R cos(@ — &) where R >0 and 0° < o < 90°,
stating the exact values of R and o

b) Determine the greatest and least possible values of [(3 cos @ + /3 sin 6)? - 5] as O varies.

The maximum value of asin@+bcosé is Ja® + 4% and occurs when sin(f +0) = L.

The minimum value of «sinf+hcosf is —Ja* +b° and occurs when sin(8 + &) = ~1.

Example 27
Express 2cos# —singd in the form Rcos(f+a), where R > 0 and 0° << g << 90°,

Hence, find the maximum and minimum values of the expression 2cos@ —sind and the values of 8 in the interval
0° < 8 < 360° for which these occur.

Example 28
13 i Express 4sind - 6cosf inthe form Rsin(@ - ), where &> 0 and 0° < o < 90°.
Give the exact value of R and the value of & correct to 2 decimal places. 131
ii Solve the equation 4sinf - 6cosd =3 for 0° =@ < 360° 141
i Find the greatest and least possible values of (4sin6 —6cos8)? +8§ as @ varies. 121

Cambridge International A5 & A Level Mathematics 9709 Paper 21 8 June 2011

Example 29
14 i By first expanding sin(28 + 8), show that sin38 = 3sin@ - 4sin® 9. [4]
ii Show that, after making the substitution x = Ei%ﬁ, the equation ¥ ox+ -é A3 =0 can be written in
the form sin 39:%. [
iii Hence solve the equation x* — x +é V3 = 0, giving your answers correct to 3 significant fizures, 4
Canibridge International A Level Mathematics 9709 Paper 31 08 November 2014
Example 30

November 2014/33 Question 4

4 (1) Show that cos(8 — 60°) + cos(8 + 60°) = cos 8. [3]

2y — 60°%) + 2x + 60°
(i) Given that cos( ) + cos( ) = 3, fnd the exact value of cosx. [4]
cos(x — 60°) + cos(x + 60°)
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Example 31
June 2014/31 Question 1

1 (i) Simplify sin 2a sec a. [2]
(ii) Given that 3 cos2 + 7cos 8 = 0, f nd the exact value of cos 5. [3]
Example 32

June 2014/32 Question 3

3  Solve the equation

cos(x + 30°) = 2 cosx,

giving all solutions in the interval —180° < x < 180°. [5]

Example 33
June 2014/31 Question 8

8 (i) By sketching each of the graphs ¥ = cosecx and v = x(7 — x) for 0 < x < 7, show that the equation
cosecX = X(7 —x)

has exactly two real roots in the interval 0 < x < 7. [3]
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HOMEWORK: TRIGONOMETRY VARIANT 32

1 (i) Show that the equation
sin{x — 60°) — cos(30°-x) =1
can be written in the form cosx = &, where & is a constant. [2]
(ii) Hence solve the equation, for 0° < x < 180°. [2]
Answer: (i) 125.3°. Jo3/Q1
2 (i) Prove the identity
sin*fcos’ B = %[1 —cos48). [3]
J04/Q5
3 (i) Prove the identity
cos46 + 400520 = 8¢0s 6 — 3. [4]
(i) Hence solve the equation
cosd48+4cos28 =2,
for 0° € 8 < 360°. [4]
Answers: (ii) 272 152.8° 207.2% 332.8% J05/Q6
4 (i) Prove the identity cosec 28 + cot 28 = cot 8. [3]
(ii) Hence solve the equation cosec 28 +cot 28 = 2, for 07 £ 8 < 3607, [2]
Answer. (i) 26.6°, 206.6°. J09/Q3
5 Solve the equation
cosB +3cos268 =2,
giving all solutions in the interval 0° < 6 < 180°. [51
Answers: 33.6°, 180°. N03/Q3
6 (@) Show that the equation
tan(45° + x) = 2 tan(45° — x)
can be written in the form
tan’x— 6tanx + 1 = 0. [4]
(ii) Hence solve the equation tan(45° + x) = 2 tan(45° — x), for 0° < x < 90°. [3]
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Answer: (ii)9.7°, 80.3°. N04/Q4

Sketeh the graph of ¥y = secx, for 0€ x £ 2. [3]
J04/Q1
8 By expressing 8 sin 6 — 6 cos 8 1n the form & sin(6 — &), solve the equation
8sinf —6cosl =7,
for 0° < 8 € 360°. [7]
Answer. § =81.3° or 172.4°, N05/Q5
9 (i) Express 7cos B + 24sin @ in the form R cos{@ = @), whera R = 0 and 0° < @ < 90°. giving the
exact value of & and the value of o correct to 2 decimal places. [3]
(ii} Hence solve the equation
TeosH+ 24508 = 135,
giving all solutions in the interval 0° £ 8 < 3607, [4]
Answers: (i) R =25, a=T73.74 (ii) 20,67, 126.9°. J06/Q4
10  Solve the equation
tanxtan2x = 1,
giving all solutions in the interval 0° < x < 180°. [4]
Answers: 307, 1507, N06/Q2
11 (§) Express cos@ + (v/3)sin @ in the form Rcos(f — ). where R >0 and 0 < & < %K. aving the
exact values of £ and o, [3]
j . 07/Q5
Answer: (i) 2[:05| # —%;r | 107/Q
12 (i) Show that the equation

tan(45° + x) — tanx = 2
can be written in the form

tan’x 4+ 2tanx— 1 = 0. [3]

(ii) Hance solve the equation

tan(45" 4 x) = tanx = 2,

giving all solutions in the mterval 0° < x < 180°, [4]
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Answers: (1i) 22.5°, 112.5°. NO07/Q5

13 (i) Show that the equation tan{30° + @) = 2 tan{60° — 8) can be written in the form

tan” @ + (6 v/3) tan® — 5 = 0. [4]

(if} Hence, or otherwise, solve the equation
tan(30° + &) = 2tan(60" - 8).

for 0° < 6 < 180°. [3]

Answer: (i) 24.7°, 95.3°. J08/Q4

14 (i) Express Ssiny + 12cozx in the form Rsin(x 4 &), where ® » 0 and 0° < @ < 90°, giving the
wvalue of & correct to 2 decimal places. [3]

{ii} Hence solve the equation
Ssin28 4+ 12cos28=11.

giving all solutions in the interval 0° < @ =< 180°, [51

Answers: (i} 13 sin(x + 67.353%); (i) 274" 175.2° N08/Q6

15 The angles a and B lie in the interval 0° < x < 180°, and are such that

tangg =2tanff and tan{c+ fB) = 3.

Find the possible values of a and j. [6]

Answers: @ =45°, B=266%and a= 1166°, &= 135" N09/Q4

16  Itis given that cosa = 2, where 0° < @ < 90°. Showing your working and without using a calculator
to evaluate a,

{i) find the exact value of sin{a — 30°), 3]

(ii) find the exact value of tan 24, and hence find the exact value of tan 3a. [4]

i) paE 3y i —2E J10/32/Q3
Answers: (i) (43 -3); (i) ——, ——

17 Solve the equation
cos(0 + 607y = 2sin 0,

giving all solutions in the interval 0% < 0 < 36(F°. [5]

Answer 9.9°, 189.9°. N10/32/Q3
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18 (i) Express 4sin @ — 3cos @ in the form Rsin(6 — a), where B > 0 and 0° < a < 90°, staling the
value of o correct 1o 2 decimal places. 31

Hence

(i) solve the equation
4sind—3cosd =2,
giving all values of & such that 0" < 8 < 3607, [4]

1
4sin® —3cos O+ 6

[1]

{iii) write down the greatest value of

Answers: (i) Ssinfd - 36.87%); (i) 60.4° and 183.37; (iii) 1. N02/Q5

19 Solve the equation

cos8 +4cos28 =73,

giving all solutions in the interval 0° £ 6 < 180°. [51

Answer. 29.0°, 180°. J11/32/Q3

20 Solve the equation
cosec 20 = sec 8 +cot 8,

giving all solutions in the interval 0° < 8 < 360°. [6]

Answers; 201.5°, 338.5° J12/32/Q4

21 (i) By first expanding cos(x + 45°), express cos(x + 45°) — (v/2) sinx in the form R cos(x + a),
where K > 0 and 0° < a < 90°. Give the value of & correct to 4 significant figures and the value
of & correct to 2 decimal places. [5]

(ii) Hence solve the equation
cos(x +45°) — (4/2) sinx = 2,
for 0% < x « 360°. [4]

Answers: (i) R=2.236, a =71.57°; (i) 261.9°. 315° J13/32/Q7

22 Solve the equation
cos(x +30%) = 2 cosx,

giving all solutions in the interval —180° < x < 180°, [5]
Answer. -66.2°, 113.8° J14/32/Q3
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23 (i) Express3sin6 +2cos @ in the form Rsin(8 + &), where R > 0 and 0° < a < 90°, stating the exact
value of R and giving the value of & correct to 2 decimal places. [3]

(ii) Hence solve the equation
3sinf8+2cosfB=1,

for 0° < 8 < 180°. 3]

Answer. (i) 33.69° (ii) 130.2° J15/32/Q4

24 (i) Express cosx + 3sinx in the form R cos(x — &), where R > 0 and 0° < @ < 90°, giving the exact
value of R and the value of & correct to 2 decimal places. [3]

(ii) Hence solve the equation cos26 + 3sin26 = 2, for 0° < 8 < 90°. [5]
Answer: (i) R = 410, a =71.57°; (i) 10.4°, 61.2° N11/32/Q6

25 Solve the equation
sin(f + 45°) = 2cos(6 — 30°),

giving all solutions in the interval 0° < 8 < 180°. [5]

Answer: 105.9°. N12/32/Q3

26 (i) By first expanding sin(26 + 8), show that

sin360 = 3sin 6 — 4sin’ 6. [4]
iy . . . 2sin 6 . 3 i .
(i) Show that, after making the substitution x = 4—35 the equationx” —x + EJS = 0 can be written
in the form sin 36 = 3. [1]
(iii) Hence solve the equation
X' —x+43=0,
giving your answers correct to 3 significant figures. [4]
Answers: (1) 0.322, 0.799, —1.12 N14/32/Q8

27  The angles 0 and ¢ lie between 0° and 180°, and are such that

tan{B—¢)=3 and tanB+tan¢d =1.

Find the possible values of 6 and ¢. [6]
Answer: 8=53.1°4=161.6°; 8 =135° ¢ = 63.4° N15/32/Q3
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28  The angles A and B are such that

sin(A +45°) = (2v2)cosA and d4dsec’B+5=12tanB.

Without using a calculator, find the exact value of tan(A — B). [8]
Answer. —- N15/33/Q6
11
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TRIGONOMETRY- VARIANTS 31 & 33

Solve the equation cot 2x + cotx = 3 for 0° < x « 180°.

Answers: 24.9° and 98.8° 33/]15/3
(i) Show that cos(8— 60°) + cos{6 + 60°) = cos &. [3]
_ > o
(i) Given that 6212;_ 230; I EEZEi-TSg?) ) = 3, find the exact value of cosx. [4]
10— 33/N14/4

Answer: (i) Ef,_s -17)

(i) By first expanding sin{26 + 8), show that

sin 36 = 3 sin 6 — 4sin’ 6. [4]

(ii) Show that, after making the substitution x = 2?; 9
in the form sin 36 = %.
(iif) Hence solve the equation
x —x+$y3=0,

giving your answers correct to 3 significant figures.

, the equation rox+ %43 = 0 can be written

(1]

[4]

Answers: (iii) 0.322, 0.799, — 1.12 31/N14/8
(i) Show that the equation
tan(x— 60°) + cotx = 3
can be wriften in the form
2tan’x + (y3)tanx — 1 = 0. [3]
(ii) Hence solve the equation
tan(x — 60°) + cotx = +f3,
for0° < x < 180°. [3]
Answer: 216 and 1284 33/114/3
(i) Simplify sin2esec . [2]
(ii) Given that 3 cos 28+ 7 cos f# =0, find the exact value of cos j. [3]
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1 31/]14/1
Anawer. (i) 2sina (if) 3

6 (i) Given that sec 8 + 2 cosec 8 = 3cosec 28, show that 2sin8 + dcos 8 = 3. [3]
(ii) Express 2sin 8+ 4cos8 in the form X sin(8 + «) where & > 0 and 0° < ¢« < 90°, giving the value
of « correct to 2 decimal places. [3]
(iii) Hence solve the equation sec 8 + 2 cosec 8 = 3 cosec 28 for 0° < 8 < 360°. [4]
Answer- (i) R=+20, a =6343° (iij) 744°, 338.7° Vi
7 Solve the equation tan 2x = 5 cotx, for 0° < x < 180°. [5]
Answer. 40.2° and 139.8° 33/113/3
8 (i) Express (v3)cosx+ sinx in the form Rcos{x— o}, where R> Oand O < a < %:rr, giving the exact
values of & and o, 3]
33/]13/4

Answer. 2and E"_

® (i) Express 4cos8+ 3sinf in the form R cos(6- a), where R > Qand 0 < ¢ < %n’. Give the value

of & correct to 4 decimal places. [3]
(iiy Henee
Answer: 08435 apcwer 1.80 and 577 31/113/9

10 (i) Express 24sin8—7cos 8 in the form R sin(8 — &), where R > 0 and 0° < & < 00°. Give the value
of & correct to 2 decimal places. [3]

(ii) Hence find the smallest positive value of 8 satisfying the equation

24sin8 —7cos8 =17, 2]

Answers: (i) 25 sin (6 — 16.26%; (if) 59.1°. 33/N12/2

11  Solve the equation
sin(8 + 45") = 2 cos{8 — 30°),

giving all solutions in the interval 0° < 8 < 180°. [5]
Answer. 105.9°. 31/N12/3
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12 Itis given that tan3x = ktanx, where X is a constant and tanx = 0.
(i) By first expanding tan(2x + x), show that

(3k— 1) tan’x= k- 3. [4]

(ii) Hence solve the equation tan3x = Atanx when k& = 4, giving all solutions in the interval
0% < x < 180°. [3]

(iii) Show that the equation tan3x = ktanx has no root in the interval 0° < x < 180° when k=2. [1]

Answers: (i) 16.8° 183.2° 33/]12/6

13 (i) Express 8cos 8+ 15sin 8 in the form R cos(8 — &), where R > 0 and 0° < & < 90°. Give the value
of & correct to 2 decimal places. [3]

(ii) Hence solve the equation 8 cos 8 + 155in8 = 12, giving all selutions in the interval 0° < 8 < 360°.

[4]

33/N11/3
Answer. (i) 17cos(#-61.93%; (i) 107.0%, 16.8° /N11/

14 (i) Express cosx + 3 sinx in the form R cos(x— ), where R > 0 and 0° < a < 90", giving the exact

value of R and the value of & correct to 2 decimal places. [3]
(ii) Hence solve the equation cos 26 + 3sin28 = 2, for 0° < 8 < 90°. [5]
31/N11/6
Answer: ()R = ﬁ o =7F1.57° (i) 10.4%, 61.2° / /
15 (i) Show that the equation
tan(60° + 8) + tan(60° — 8) = k
can be written in the form
(2+/3)(1 +tan’8) = k(1 — 3 tan’8). [4]
(i) Hence solve the equation
tan{60° + 8) + tan(60° — 8) = 3+/3,
giving all solutions in the interval 0° £ 8 < 180°. [3]
Answer. (i) 16.8°, 163.2°. 33/111/4
16 (i) By sketching a suitable pair of graphs, show that the equation
cotx=1+2x2,
Answer: 33/]111/6
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17 (i) Prove the identity cos48 +4cos28 = 8cos*8 - 3. [4]
(ii) Hence
31/]11/9
Answers: (ii)a) #0.572,
18 (i) Express (+/6)cos8 + {+/10)sin 8 in the form Rcos{8 — a), where R > 0 and 0° < & < 90°. Give
the value of & correct to 2 decimal places. [3]
(ii) Hence, in each of the following cases, find the smallest positive angle 8 which satisfies the
equation
{(a) (v/6)cos8+(/10)sin8 =4, 21
(b) (v6)cosid+ (v10)sindd = 3. [4]
Answers: (i) 4cos(#—52.24°); (ii)(a) 232.2°, (b) 21.7°. 33/N10/8
19 Soclve the equation
tan{45° — x) = 2 tan x,
giving all solutions in the interval 0° < x < 180°. [3]
Answer 15.7°, 119.3°. 33/]10/3
20 (i) Prove the identity cos38 = 4cos*8 — 3 cos 8. [4]
Answer: 33/N10/7
21  Solve the equation
sin9=2cos28+1,
giving all solutions in the interval 0° £ 8 5 360°. [6]
Answer: 48.6°, 131.4°, 270" 31/110/2
22 (i) Using the expansions of cos(3x —x) and cos{3x +x), prove that
1(cos 2x — cos 4x) = sin3xsinx. [3]
Answers: (i) 1.50, 6.00. 31/]10/3
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23 C

xrad
A 0 B

The diagram shows a semicircle ACE with centre @ and radius . The angle BOC is x radians. The
area of the shaded segment is a quarter of the area of the semicircle.

(i) Show that x satisfies the equation

x=3r—sinx [3]

Answer: (iif) 1.38. 31/]10/6

24  Express the equation cot 28 = 1 + tan 0 as a quadratic equation in tan . Hence solve this equation for
0° < B8 < 180°. [6]

Answers: 18.4°, 135° N16/33/Q3

25 (i) Show that the equation (v2) cosec X + cotXx =+/3 can be expressed in the form Rsin(x — ) = 2,
where R > 0 and 0° < a < 90°. [4]

(ii) Hence solve the equation (v/2) cosecx + cotx = +/3, for 0° < x < 180°. [4]

Answer. x=75° and 165° N18/33/Q6

26 By expressing the equation cosec = 3sin 0 +cot 0 in terms of cos 8 only, solve the equation for
0° < 8 < 180°. [5]

Answer. 131.8° J16/31/Q3

27 (i) Express (v5)cosx +2sinx in the form R cos(x — «), where R > 0 and 0° < a < 90°, giving the
value of @ correct to 2 decimal places. [31]

(ii) Hence solve the equation

(V5)cosx + 2sindx = 1.2,

for 0° < x < 360°. [31
Answer: (i) R=3 a=41.81% (ii) 216.5° J16/33/Q3
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28 (i) By first expanding 2 sin(x — 30°), express 2 sin{x — 30°)} — cosx in the form R sin(x — ), where
R >0and0° < @ < 90°. Give the exact value of R and the value of « correct to 2 decimal places.

[S]
(ii) Hence solve the equation

2sin(x-30°) —cosx =1,

for 0° < x < 180°. [3]
Answers: (i) R=~7, a=49.11 (ii) 71.3° J17/31/Q8
29 Prove the identity cotx —tanx = cos2x. [3]
cotX +tanXx
J17/33/Q1
30 (i) Given that sin(x — 60°) = 3 cos(x — 45°), find the exact value of tanx. [4]
(ii) Hence solve the equation sin(x — 60°) = 3 cos(x — 45°), for 0° < x < 360°. [2]
18/31/Q2
pnswer (i) Y2793 iy 118,57, 208.5¢ 118/31/Q
1-342
31 (i) By first expanding (cos?‘x + singx)3, or otherwise, show that
cos®x +sinx=1- %sin2 2x. [4]
(ii) Hence solve the equation
cos®x + sinx = %
for 0° < x < 180°. [4]
Answer. (ii) 20.9°, 69.1°, 110.9°, 159.1° J18/33/Q5

32 Throughout this question the use of a calculator is not permitted.
(i) Express cos 8+ 2sin@ in the form Rcos(0 — @), where R> 0and 0 < @ < %TE. Give the exact
values of R and tan c. [3]

1
rd

15

— - df=5. 5
(cos 8+ 2sin B)? 5]

(ii) Hence, showing all necessary working, show that J
0

74 Compiled by: Salman
Farooq



CHAPTER: 8: DIFFERENTIATION

AS Revision

Example 1

1 Differentiate with respect to x.

a y=5x3—%+2\/§
X

x¥—4x5 + x?

b -
¥ 2x°
Example 2
Differentiate with respect to x.
a (3x-5*
b %
W= 2x
Example 3

Find the equation of the normal to
the curve y = x7 — 5x% + 2x — 1 at the

point (1, -3).

Example 4

Find the stationary points on the curve
vy = x* =3x? + 2 and determine their
nature.

Example 5
The equation of a curve is y= é(ix —3)7—4x

g
) Find &Y.
() Find 2

(i} Find the equation of the tangent to the curve at the point where the curve
intersects the y axis.
{1} Find the set of values of x for which él[?x —3)% — 4xis an increasing
function of x.
[Cambridge AS & A Level Mathematics 9709, Paper 12 010 June 2010]
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Example 6

1
A curve is such that % =x?- x'%. The curve passes through the point (4, %)
. dYy
ii) Find —. 2
(i) Fin =2 (2]
(iii) Find the coordinates of the stationary point and determine its nature. [5]
Example 7

The base of a cuboid has sides of length xcm and 3x cm. The volume of the cuboid is 288 .

(i) Show that the total surface area of the cuboid, A cm? is given by

768
A=62+ —. [3]
x
(ii) Given that x can vary, find the stationary value of A and determine its nature. [5]
Example 8

The volume of a spherical balloon is increasing at a constant rate of 50cm® per second. Find the rate
of increase of the radius when the radius is 10 cm. [Volume of a sphere = %Jrr'-".] [4]
Answer: 0.0398 11/711/2

Differentiation of Exponential and Logarithmic Functions

‘ If y = ek, then d_y = kekx,
‘ dx

f v h Q v
Ity=est endx:e-.

If y = e, then Qv _ f’(x) ef®,
dac
Example 1
Differentiate

a) e™ b) e+ c) e
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Example 2

d
Find -2 when

dx |
a) y=4e> b) yz—ZeJ; c) y=3e~

Example 3

Find the exact value of the gradient of the tangent to the curve y = e* - 6v/x
when x = 1.

i e dy 1 _ : dy _ f'(x)
Ify=Inx thena_ - Ify—ln[f(x)],thena— fx).

Example 4

Find % when a) y=In5x b) y=In(3x*-2).

Example 5
Differentiate

a) In(9x+2) b) In(e* - 3x) c) 4In8x d) In(5x-1)".

Example 6

Find the coordinates of the turning point on the curve y = x — Inx, and
determine whether this point is a maximum or a minimum point.

Product Rule

U du

a Va.

If y = uv, then 2 =
dx

Example 7
Find < when y = e>* (x* — 3).
dx
Example 8
Find % when y = 2x + 1)(x — 5)*
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Example 9

dx(5x + 2
Show that d_y = —x( & )

e foxe1

Example 10

when y = 4x’\/2x + 1.

Find the gradient of the tangent to the curve y = x>e~ at the point (1, %)

uotient Rule

du_ dv
dx

dx v

14
Ify=% then & — _dx dx
v ]

Example 11
: d £
Find &2 when y= % .
X x +1
Example 12
4x+ 3

Find &7 when y =

e Ny

Example 13

3
Show thatif y = ﬂn# then

3
[

A

13 when x = 1.
[

Differentiation of Trigonometric functions

dy

If y = sinx, then —=— = cosx.
i o

If y = cos x, then

dy

X

= —sinx.

d
If y = tan x, then e

L sec? x.
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Example 14

Find d_y when

dx

a) y=cos2x b) y=5sin3x? c) y=7tan (436 + %)

Example 15

Show that the maximum value of the curve y = x — 2 sinx for 0 < x < 2x;is 5—; +43,

and find the minimum value of the curve.

Example 16
If y = Inv/1—cos x, show that d_}: = L .
dx®> 2(cosx —1)
June 2014/32 Question 8a
y
A
0

The diagram shows the curve y = x cos %x forO0sx<m.

dy
de; +}J+45in%x= 0.

dy
@) Find d—i and show that 4
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June 2014/33 Q9(ii)

o X

Pt b=t

-
2sinx
=&

The diagram shows the curve y cosxfor0gx< %:r._, and its maximum point A4,

(ii) Find the x-coordinate of M, giving your answer correct to 3 decimal places. [6]

June 2013/32 Question 6i

1
(i) By differentiating » show that the derivative of secx is secxtanx. Hence show that if
COSX

el

d
¥ =In(secx + tanx) then d__:i = SECX. [4]

June 2013/33 Question 9

¥
[ M

/—\ .
0| iz

The diagram shows the curve y = sin2xcosx forO0€x < %-:?r, and its maximum point .

(i) Find the x-coordinate of AL, [6]
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June 2014/31 Question 10

y
&
ij

14

The diagram shows the curve y = I{}c"l'x sindx for x = 0. The stationary points are labelled T, T3,

T, ... as shown.

(i) Find the x-coordinates of T} and T, giving each x-coordinate correct to 3 decimal places.  [6]

(if) It is given that the x-coordinate of T is greater than 25. Find the least possible value of n.  [4]

Example 19

YA

\f\

-1 o [

"

The diagram shows the curve y = ( i )

1+ x
By first differentiating i;—i obtain an expression for S—J): in terms of x. Hence show that the gradient of
the normal to the curve at the point (x, y)is (1 + x) m . [5]
The gradient of the normal to the curve has its maximum value at the point P shown in the diagram.
Find, by differentiation, the x-coordinate of P. [4]

Cambridge International A Level Mathematics 9709 Paper 31 Q9 Jure 2010
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HOMEWORK: DIFFERENTIATION VARIANT 32

The equation of a curve is v = xsin 2y, where x is in radians. Find the equation of the tangent to the

curve at the point where x = %Jr. [4]

Answer. y = x. J07/Q3

The curve y = &° + 4e~>* has one stationary point.

{i) Find the x-coordinate of this point. [4]
(i) Dctermine whether the stationary point is a maximum or a minimum point. [2]
Answers: (i) In 2; (i) Minimum point N02/Q4

The curve with equation v = 6e* — &** has one stationary point,
(i) Find the s-coordimnate of this point. [4]

(i} Determine whether this point is a maximmm or a miniomm point, [

Answers: (i) % In2; ({ii} maximum. N06/Q3

e , ' . . f .
The cuave v = , for —%fr <3 %ﬂ.’. has one stationary point. Fid the x-coordinate of this point.
COSY 2

(5]

Answer —%;: or —0.785 radians. NO08/Q3

- -3 . - . - -
A curve has equation ¥ = ¢ 1anx. Find the x-coordinates of the stationary points on the curve in the

interval —%]’1’ <X ;ﬂ.‘_ Give your answers correct to 3 decimal places. [6]
Answer. 0365, 1.206. N09/31/Q4
Y
A
M
A
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, Inx , . : S
The diagram shows the curve 1 = —- and its maximmm point AL, The curve cuts the x-axis at 4.
a=

(i) Write down the x-coordinate of 4. [1]

(i) Find the exact coordinates of AL, [5]

Answers: (i) 1: (i) x = e?, J04/Q10

y
A
M
R
0 > X
p
The diagram shows part of the curve y = ﬁ and its maximum point A4. The shaded region R 1s
X+
bounded by the curve and by the lines y = 0 and x = p.
(i) Calculate the x-coordinate of M. [4]
J05/Q9

Answers: (i) 1;

,
F Y
"
O\//l ) a
M

1 , .
The diagram shows a sketch of the curve v = 372 lna and its minimuom point Af. The curve ents the
a=axis at the point (1, 0],

(i} Find the exact value of the x-coordinate of A4, [4]

Answers: (i) e (ii)4.28. Jo6/Q8
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L
r

o

. ] . . .
The diagram shows the curve y=e 2xx('l:l + 2x) and 1ts maximum point Af. The shaded region between
the curve and the axes 1s denoted by R.

(i) Find the x-coordinate of A [4]
08/Q9
Answers: (i) lﬁ J08/Q
10
y
A
M
0 » X
The diagram shows the curve y = xz\/(] —xz) for x 2 0 and its maximum point M.
(i) Find the exact value of the x-coordinate of M. [4]
J09/Q10
Answers: (i)
11 ¥
A
B
0 A~ "
M
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The diagram shows the curve y = (3 — x)e™=" and its minimum point M. The curve intersects the
x-axis at A and the y-axis at B.

(i) Calculate the x-coordinate of M. 41
Answers: (i) 3;— NO03/Q6
12 ¥y
F 1
'.l.' _ﬁ;:f_
! e
\ /K. b
x{?) I e

a -1
The diagram shows the curve 3 = e

b |

() Find the x-coordinate of A, fhe maxinnun point of the curve, [4]

Answers: (i) 4, N04/Q7

13 ¥
M
A
1
ol | 4
. Inx : . , ,
The diagram shows the curve ¥ = r and its maximum point M. The curve cuts the x-axis ot the
W
point A,
(i} State the coordinates of A. [1]
(i) Fine the exact value of the X-coondinate ol Af. 14]
Answers: (i) (1,00 (i) &, N09/31/Q9
14 The equation of a curve is v = x + cos 2y, Find the v-coordinates of the stationary points of the curve
for which 0 £ x £ m, and determine the nature of cach of these stationary points, [7]
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1 , 5 . NO05/Q3
Answers: E:.r__ maximurm: E:.r__ minimum.

15 The equation of a curve is y = 3sinx + 4 cos” x.
(i) Find the x-coordinates of the stationary points of the curve in the interval 0 < x < . [e]
(ii) Determine the nature of the stationary point in this interval for which x is least. [2]
12/32/Q6
- Answer. (i) iﬂ', i;r, lyr; (i) Maximum 112/32/Q
12 12 2
16 (i) The polynomial f(x) is of the form (x — 2)°g(x), where g(x) is another polynomial. Show that
{(x— 2) is a factor of f'(x). [2]
(i) The polynomial x°* + ax* + 3x* + 5x? + a, where @ and b are constants, has a factor (x — 2)°.
Using the factor theorem and the result of part (i), or otherwise, find the values of @ and 5.  [5]
Answer (iiya=-4,b=3 J14/32/Q5
17 A curve has equation y = cos xcos 2x. Find the x-coordinate of the stationary point on the curve in
the interval 0 < x < %:lr, giving your answer correct to 3 significant figures. [6]
Answer. 1.15 J15/32/Q3
18 . . l1+x I . .
The equation of a curve is y = Tiox for x > —3. Show that the gradient of the curve is always
negative. [3]
N13/32/Q1
19 The equation of a curve is y = e > tanx, for 0 < x < %:rr.

d
(i) Obtain an expression for a and show that it can be written in the form e *(a + b tan x)*, where
a and b are constants. [5]
(ii) Explain why the gradient of the curve is never negative. [1]
(i1i) Find the value of x for which the gradient is least. [1]
Answer: e—2x(71 +tan X)2; %ﬂ' N15/32/Q5
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20 A curve has equation

2 —tanx

Y=g

1 +tanx
Find the equation of the tangent to the curve at the point for which x = %ﬂ, giving the answer in the
form y = mx + ¢ where c is correct to 3 significant figures. [6]
Answer. y = —1.5x + 1.68 N15/33/Q3

HOMEWORK: DIFFERENTIATION- VARIANTS 31 & 33
1 The curve with equation y = 2 Ehh has one stationary point. Find the exact values of the coordinates

+e
of this point. [6]

33/J15/4
Answer: (Ir12.%} /115/

2 The equation of a curve is
¥=3cos2x + Vsinx + 2.

Find the x-coordinates of the stationary points in the interval 0 £ x £ #. Give each answer correct to

3 significant figuras. [71
Answers: 0.623, 252, 1.57 I:%‘T allowed) 31/115/4
3 y
A
M
X
0
Tha diaeram shows the rirve v = Y262 and it maximum naint M
Answer 31/]15/9
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n

I3

IRV

Ta

e

(i} Itis given that the x-coordinate of T, is greater than 25. Find the least possible value of n.  [4]

Answers: (i) 0.362, 1.147 (i) 33 31/]14/10
¥
A
5 4 > X
The diagram shows the curves y = &= and y = 2Inx. When x = & the tangents to the curves are
parallel.
(i) Show that a satisfies the equation @ = %(3 —Ina). [3]
Answer: 33/]13/6
¥
M
/\ —r
ol Ir

The diagram shows the curve y = sin??rcosx for0=x = 'E:r, and its maximum point AL,

(i) Find the x-coordinate of AfL. [5]

Answer: 0.685 33/113/9
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7  For each of the following curves, find the gradient at the point where the curve crosses the y-axis:

14+
0 y=—=: 3
@y {2 o= [3]
1 31/J13/5
Answer ——
2
8  The expression f(x) is defined by f(x) = 3xe .
(i) Find the exact value of f '(—%]. 3]
Answers: (I) Ge 33/N12/5
(i) By differentiatin show that if y = secx then _ secxtanx 2]
y g msxl y - dx - "
.. 1
(ii) Show that ——— = secx + tanx. [1]
secx — tanx
iii) Deduce that ;2 = 2sec’x— | + 2secxtanx. [2]
{secx—tanx)
Answer: 31/N12/5
10 JF
A
M
o »X
The diagram shows the eurve y = e_%fv; (1 +2x%) forx = 0, and its maximum point M.
{i) Find the exact value of the x-coordinate of A4, [41]
Answers: (1) L,_ 31/N12/8
Ve
11 a2x
The curve with equation y = = has one stationary point.
(i) Find the x-coordinate of this point. [4]
(ii) Determine whether this point is a maximum or a minimum point. [2]
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Answers. (i) x=% (i} Minimum point

12

33/]12/4

k.
i

The diagram shows the curve

—8sinly—tanlx
¥y =38singx—tan;x

\ X

for 0 € x « wr. The x-coordinate of the maximum point is & and the shaded region is enclosed by the
curve and the lines x = o and v = 0.

(i) Show that ot = %:r. [3]
Answer: 31/]12/5
13 , : e™ : ) .
The equation of a curve is y = [ & Show that the gradient of the curve at the point for which
e
_ ic 9
x=1In3is . [4]
33/N11/2
14 Jr
A
»> X
0 M

The diaeram shows the curve v = 3 Inx and its minimum ooint M
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Answer. (i) x =i,_: ¥ = 1 31/N11/9

Je 2
15 lnx . . . . L
The curve y = ey has one stationary point. Find the x-coordinate of this point. [4]
1
= 33/]11/2
Answer. e or 1.40. My
16 ¥
A
M
> X
o 3
The diagram shows the curve y = 5sin’xcos”x for 0 € x £ 4, and its maximum point M.
(i) Find the x-coordinate of M. [5]
Answers: (i) 0.888; 33/111/8
17 . dy . .
Find g 0 each of the following cases:
(i) y=In(1+sin2x), [2]
tanx
o ] 9
() y=— [2]
2 31/111/2
Answers: (i) 2C082X .y Xsec” X—tanx /111/
1+ 5in 2x x°

18  The curve with equation
GeX 1+ ke¥ +e¥¥ =,

where & and ¢ are constants, passes through the point P with coordinates {In 3, In2}.

(i) Show that 58 + 2k =-c. [2]
(i) Given also that the gradient of the curve at P is —6, find the values of & and . [5]
Answers: (ii) 5, 68. 31/111/5

P Ttis oiven that f{x) = 4cos*3x.
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Answers: (i) —643; 33/N10/4

20 ¥y

The diagram shows the curve y = x* Inx and its minimum point M.

1

1 31/N10/9
Answers: (i) (e 3,

1
_E}

21 ¥

o P

Y
-

The diagram shows the curve y = ¢ — e~ and its maximum point M. The x-coordinate of M is
dencted by p.

(i) Find the exact value of p.

[4]

Answer: (i) In2. 33/J10/5
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22 ¥

| \P\
I » X

-1 ) 1

The diagram shows the curve y = J (%) .

(i) By first differentiating %, obtain an expression for g—i in terms of x. Hence show that the

gradient of the normal to the curve at the point {x, ¥} is (1 +x) /(1 —x%). [5]

(i) The gradient of the normal to the curve has its maximum value at the point P shown in the

diagram. Find, by differentiation, the x-coordinate of P. [4]
Answer (ii) % J10/31/Q9
23 . . sinx i ; ..
The equation of a curve is y = T cosx’ for —& <X < &. Show that the gradient of the curve is positive
cos
for all x in the given interval. [4]
N16/33/Q2
Answer. y= 1 /33/Q
1+ cos x
24 The curve with equation y = sinXx cos 2x has one stationary point in the interval 0 < x < %7;. Find the
Xx-coordinate of this point, giving your answer correct to 3 significant figures. [6]
Answer, 0.421 J16/31/Q5
25 A curve has equation y = %ln{] +3cos?x) for0€x < %ﬂ'.
. dy .
(i) Express & in terms of tanx. [4]
7
(ii) Hence find the x-coordinate of the point on the curve where the gradient is —1. Give your answer
correct to 3 significant figures. [2]
Answers: (i} dy/dx = - 4 tan x/(4 + tan®x) (ii) x = 1.11 J17/33/Q5
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26 ) e
A curve has equation y =

. Find the x-coordinates of the stationary points of the curve in the

tan ix

interval 0 < x < z. Give your answers correct to 3 decimal places. [6]

Answer 0.340 2.802 J18/31/Q3
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CHAPTER 9: IMPLICIT DIFFERENTIATION

Functions of the form y = f(x) are explicit functions as y is given explicitly in terms of x.

However, some functions that have two variables are not of this form - that is, sometimes
we are not given one variable explicitly in terms of the other. We call these
functions implicit functions.

Examples of implicit functions include:

(1) *+3xy* -3y =0

(2) xIn(y+2)-x>=2y

2
3) =L =5

y+x

We use implicit differentiation when one of the variables is not given

explicitly as a function of the other variable.

Example 1

Find -jl in terms of x and y when &® — 3y° = 497,
x

Example 2

Example 13.6 Find the coordinates of the stationary points of the curve
2 +ay +y? = 2T.

Example 3

Example 13.5 Find the gradient of the curve z° — 5zy* + 2 = 0 at the
point (2, —1).

Example 4
Example 13.7 The equation of a curve is given by 2z — 1 =z’ Iny.

M H EE

@J%mmm?:ﬂﬁiﬂ

(it) Find the equation of the tangent to the curve at the point where
y=1L
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Example 5
Find the equation of the normal to the curve 5x* + 6xy — y* = 10 at the point (1, 5).

Example 6
The equation of a curve is In{xy) - »* = 1.
. dy y
Show that — = ————. 4
i ow that — - G =1) [4]

ii Find the coordinates of the point where the tangent to the curve is parallel to the y-axis,
giving each coordinate correct to 3 significant figures.

Cambridge International A Level Mathematics 9709 Paper 31 Q7 November 2012

(4]

Example 7

The curve with equation 6e?* + ke” + ¢2? = ¢, where k and ¢ are constants, passes through the point P with
coordinates (In 3, In2).

i Showthat 58+2k =c.

ii Given also that the gradient of the curve at P is —6, find the values of k£ and c.

Cambridge International A Level Mathematics 9709 Paper 31 Q5 June 2011

(2]
5]

96 Compiled by: Salman
Farooq



HOMEWORK: IMPLICIT DIFFERENTIATION VARIANT
32

1 Find the gradient of the curve with equation
2 2
2yT —dav 4 3y =3,

at the point (2, 1). [4]

J04/Q3

Answer 2.

2 The equation of a curve is
xlny=2x+1.
dy y

() Show that 2% = -, [4]

(ii) Find the equation of the tangent to the curve at the point where ¥ = 1, giving your answer in the
formax+byv+c=0. [4]

Answer (i) y+4x+1=0. J10/32/Q6

3 . .
The equation of a curve is

Vx+yy=ya,
where a is a positive constant.
= dy .
(i) Express i in terms of x and y. [3]
(ii) The straight line with equation y = x intersects the curve at the point F. Find the equation of the
tangent to the curve at P. [3]
fy N03/Q4
Answers: (i) - .|I|- i) x+y=1a.
F4

4  The equation of a curve is 1~ + 237 = 3ay.

. Cody oy
(i) Show that E = 212—_1 [4]

(ii) Find the coordinates of the point, other than the origin, where the curve has a tangent which is
parallel vo the r-axis, [5]

Answer (i) (1, 1). N06/Q6

5  The curve with equation ¥ = e sinx has one stationary point for which 0 £ x £ 7.

(1) Find the x=coordmate of tlns point. [2]
(i) Deternune whether this point 15 2 tnaximun of & mininn podnt, [2]
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Answers: (i) %E or 0.785 radians; (ii} Maximum. NO07/Q4

The equation of a curve is x> — x>y —y> = 3.

dy

(i) Find I

in terms of x and y. [4]

ii) Find the equation of the tangent to the curve at the point (2, 1), giving your answer in the form
Find the equat f the tangent to tl t the point (2, 1), giving y the f
ax+by+c=0. [2]

3x% ~Zxy

Answers: (i) ———=-; (i) Bx=Ty-9=0. N09/32/Q3
X< 43y

The equation of a curve is xvi{x + ¥) = ?a°. where a is a non-zero constant. Show that there is only
one point on the cwrve at wlich the rangent is parallel to the xv-axis, and find the coordinates of this
po1rt, [3]

Answer (3, -23). J08/Q6

The diagram shows the curve with equation
x +x;uz+ay2 —3axt =0,

where a is a positive constant. The maximum point on the curve is M. Find the x-coordinate of Af in
terms of a. [6]

Answer. \/E J13/32/Q5

The equation of a curve is In(xy) —y° = 1.

dy y
i) Show that — = ———. 4
@ dc  x(3y*-1) 4
(ii) Find the coordinates of the point where the tangent to the curve is parallel to the y-axis, giving
each coordinate correct to 3 significant figures. [4]
Answer. (ii) (5.47, 0.693). N12/32/Q7
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HOMEWORK: IMPLICIT DIFFERENTIATION-
VARIANTS 31 & 33

1 ¥
A

The diagram shows the curve (x* + yz]2 = 2(x* — »?) and one of its maximum points M. Find the
coordinates of M. [7]

Answer {[1 f3 l] 33/114/6
2T 2
2 A curve has equation 3e®y + ¢y = 14. Find the gradient of the curve at the point (0, 2). [5]
Anzwer, % 33/N13/4

3 For each of the following curves, find the gradient at the point where the curve crosses the y-axis:

) 1+x°
{l)y_ 1+e;;_ra [3]
(i 22 +5xy+y = 8. [4]
1 ) 31/J13/5
Answer. 3 Answer. ==

4 The equation of a curve is In(xy) —y° = 1.

: dy y
i) Show that — = ———. 4
@ &= 3G [4]
(ii) Find the coordinates of the point where the tangent to the curve is parallel to the y-axis, giving
each coordinate correct to 3 significant figures. [4]
31/N12/7

Answer. (i) (5.47, 0.693).

5 The equation of a curve is 3x% — 4xy + y* = 45.

(i) Find the gradient of the curve at the point (2, —3). [4]
(ii) Show that there are no points on the curve at which the gradient is 1. 3]
Answer. (i) 127 31/]112/6
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The equation of a curve is x> — 3x2y +y° = 3.
d 2
(i) Show that ay = % [4]
(if) Find the coordinates of the points on the curve where the tangent is parallel to the x-axis. [5]
Answer. (i) (-2-1) (0,43) J16/31/Q7

The equation of a curve is 2x> — > — 3xy* = 243, where @ is a non-zero constant.

dy 2x2 _ yg
i) Show that —— = —/———. 4
(i) Show at ¥ 12y [4]
(ii) Find the coordinates of the two points on the curve at which the tangent is parallel to the y-axis.
[5]
Answer: (ii) (a, 0), (-a, 2a) J18/33/Q8
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CHAPTER 10: DIFFERENTIATION OF PARAMETRIC
EQUATIONS

When x and y are related via a third variable, f, then f is called a parameter.
Equations which state x and y in terms of  are called parametric equations.

Suppose x = t* and y = t°.
We can look at values of x and y for particular values of £.

When differentiating parametric equations involving a parameter f,

This is called parametric differentiation.

Example 1
a) Ifx=2fandy=5¢>-6, find &7 in terms of .
X
: dy
b) Find the value of T when x = —16.
Example 2

The parametric equations of a curveare x =2+, y = Lz — 6. Show that "Ell_y“ = -2t
t X

When differentiating parametric equations where the parameter is an angle, 6,

, W + d—x, where @1is in radians

Example 3
The parametric equations of a curve are given by x = 2cosf, y =sin® 6, 0 < 0 < 27.

Find the values of € when the tangent to the curve is parallel to the x-axis.

Example 4

Show that & _ _sinb when x = a(0 + sin0) and y = a(1 — cos 0), where a is a constant.
dx 1+ cosf
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Example 5
. . ! 3
The parametric equations of a curve are x =1+ 2sin? 0, y = 4tan® for g <g< m;-t— .

a Find gji in terms of the parameter 0.
X

b Find the coordinates of the point on the curve where the tangent is parallel to the y-axis.

Example 6

The parametric equations of a curve are

x:1+ln(r42),y=r+%forz>2.

: dy (2 -9(t-2)

Sh — =, 3
i ow that i 7z [3]
ii Find the coordinates of the only point on the curve at which the gradient is equal to 0. [3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 November 2010

Example 7
Find the value of j—} when x = 4 in each of the following cases:
X
i y=xIn(x-3) 4]
. _x=-1
b= g
Cambridge International AS & A Level Mathematies 9709 Paper 21 Q5 June 2011
Example 8
The parametric equations of a curve are x = e*', y = t%¢’ + 3.
. dy (r+2)
Show that —=— = . 4
i ow tha o 320 [4]
ii  Show that the tangent to the curve at the point (1, 3) is parallel to the x-axis. 2]
ii  Find the exact coordinates of the other point on the curve at which the tangent is parallel
to the x-axis. [2]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2011
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Example 9

YA
A

LY

jal
=Y

C

The parametric equations of a curve are x = 6sin” ¢, y = 2sin2¢ + 3cos 2z, for 0 < ¢ < x. The curve crosses the
x-axis at the points B and D and the stationary points are 4 and C, as shown in the diagram.

N dy 2
that — = = -1.
i  Show that 3 cot2t—1 [5]

ii Find the values of r at 4 and C, giving each answer correct to 3 decimal places. I3]

iii Find the value of the gradient of the curve at B.

131

Example 10
June 2013/31 Question 5

For each of the following curves, find the gradient at the point where the curve crosses the p-axis:

1+x°
i = : 3
{ ¥ T2c™ (3]
(i) 2x° +5xy+)° =3. [4]
Example 11
November 2014/31 Question 4
The parametric equations of a curve are
Xx= ———r7, = tanzrﬁ
cos’t ¥
where 0 f< %m
dy
i} Show that — =sint. 4
(i} ow tha o sin [4]

(ii}y Hence show that the equation of the tanpgent to the curve at the point with parameter ¢ is
y=xsint{—tans [3]
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Example 12
November 2014/33 Question 2

A curve is defined for0 < 8 < El” by the parametric equations
x=tan8, y=2cos Bsinb.
Show that % =6cos" B —4cos 6.

Example 13
June 2014/31 Question 3

The parametric equations of a curve are

3r+2
26+3°

x=In{2r+3), »=

Find the gradient of the curve at the point where it crosses the y-axis.

104
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HOMEWORK: DIFFERENTIATION OF PARAMETRIC EQUATIONS
VARIANT 32

1 . ;
The parametric equations of a curve are
x=20+sm28, y=1-cos28.
d
Show that Y_ tan 6. [5]
dx
J06/Q3
2 The parametric equations of a curve are
X=acos't, v=asinf,
where @ is a positive constant and 0 < £ < L.
@ Express 2 in terms of ¢ 3]
i) Express — interms ol 1, k
' dx
(ii} Show that the equation of the tangent to the curve at the point with parameter f is
Xsinf + ¥Yeost = dsinfcost. [3]
{iif) Mence show that, if this tangent meets the r-axis at X and the y-axis at ¥, then the length of XV
15 always equal o a. [2]
Answer. (i) —tan ¢ J09/Q6
3 The parametric equations of a curve are
x=a(28 -sin28), y=all - cos28).
dy
Show that — = cot d. [5]
dy
N08/Q4
4 The parametric equations of a curve are

x=In(tanf), y= sin’t,

where 0 < ¢ < %:r.

(i) Express % in terms of r. [4]

(ii) Find the equation of the tangent to the curve at the point where x = 0. [3]

J11/32/Q5

Answer. (i) 2 sin® tcos® £ (i) y=%x+%.
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The parametric equations of a curve are
x=¢t—tanf, y=In{cos?),

_1 1
for 57 < F < g

dy
i) Sh that = = cot#.
(i) ow tha co

(3]

(ii) Hence find the x-coordinate of the point on the curve at which the gradient is equal to 2. Give

your answer correct to 3 significant figures. [2]
Answer. (i) — 0.0364 J14/32/Q4
The parametric equations of a curve are
x=3(1+sin’f), y=2cos’t.
., dy. . ep .

Find g n terms of ¢, simplifying your answer as far as possible. [5]
Answer. —cos t N11/32/Q2
The parametric equations of a curve are

x=e'cost, y= e 'sint.
dy
Show that —— = tan (f— 1x). 6
ax ~ tantr=5m) 6]
N13/32/Q4
The parametric equations of a curve are
1 3
x=—7F, = tan™ £,
cos't’ 7
where0 £ 7 < %:r:.
dy
i) Show that =~ =sin?. 4
(i) Show tha qp = sin [4]
(ii) Hence show that the equation of the tangent to the curve at the point with parameter ¢ is
y=xsinf—tant. [3]
N14/32/Q4
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HOMEWORK: DIFFERENTIATION OF PARAMETRIC EQUATIONS-
VARIANTS 31 & 33

The parametric equations of a curve are

x= acos“!, ¥= asin*t,
where a is a positive constant.
. dy . :
(i) Express —— in terms of £. [3
dx
(ii) Show that the equation of the tangent to the curve at the point with parametert is

xsin’t +ycos’t = asin’t cos’t. [3

(iii) Hence show that if the tangent meets the x-axis at P and the y-axis at @, then
OP+00=a,

where O is the origin. [2

Answers: (i) ~tar’t 33/J15/5

=X

The diagram shows part of the curve with parametric equations

x=2In(t +2), y=£4+2t+3.

(i} Find the gradient of the curve at the origin. [5

(ii) At the point P on the curve, the value of the parameter is p. It is given that the gradient of the
curve at P is %

|

a} Showthatp= —— — 2.
(a) P 3712

(L.

Answer- (i) % (ii)(b) (-5.15, -7.97) 31/115/10

107 Compiled by: Salman
Farooq



A curve is defined for 0 < 8 < %:r: by the parametric equations
x=tan6, y=2cos Osinb.

Show that g—i =6cos’ 68— 4cos 6.

[5
33/N14/2
The parametric equations of a curve are
x= v=tan’t
cos' ¢t |
where 057 < %zre:.
dy
iy Show that = =sint. 4
@ i [

(ii) Hence show that the equation of the tangent to the curve at the point with parameter 7 i

y=xsin{—tant. [3
Answer: 31/N14/4
The parametric equations of a curve are

3r+2
= In{2¢ + 3), = .
r=In2r+3), ¥=533
Find the gradient of the curve at the point where it crosses the y-axis. [6]
31/]14/3
Answer. 2 M4/
2
The parametric equations of a curve are
4r
xX= m, _}7=2][1(2f+3].
. dy . . ;o
(i) Express 3 0 terms of #, simplifying your answer. [4
(ii) Find the gradient of the curve at the point for which x = 1. [2
o1 _ 33/N12/3
Answers: (1) 5{21‘ +3); (i) 2.

The parametric equations of a curve are

x=s5in268 -8, y=cos28+2siné.

Show that d—}, = 2cos8

dr ™ 1+2sin@’ >

Answer: 33/]12/3
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i

The diagram shows the curve with parametric equations
; .3 3
x=sinf+cost, y=sint+cost,

1 5
for T <f< 3w

d

(i) Show that & _ —3sinfcost. [3
dx

(ii) Find the gradient of the curve at the origin. [2

(iii) Find the values of r for which the gradient of the curve is 1, giving your answers correct &

2 significant figures. [4
3 33/N11/8
Answers: (1) =3sinfcosf (given); (i) 5; (iiiy 19,28
9 The parametric equations of a curve are
x=3(1+sin?f), y=2cos’s
Find g—i in terms of ¢, simplifying your answer as far as possible. [5
Answer. —cos 31/N11/2
10 The parametric equations of a curve are
_ T _ ol
Tawyy YT
Find the gradient of the curve at the point for which r =0. [3]
Answer. 6. 33/N10/2
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11 The parametric equations of a curve are

xX=2sinB@+sin20, y=2cosB+cos2O,

where 0 < 0 < x.

d
(i) Obtain an expression for Ey in terms of 6. [3]
(ii) Hence find the exact coordinates of the point on the curve at which the tangent is parallel to the
Yy-axis. [4]
. (2sin@+2sin20) (343 1 N18/33/Q4
Answers: (i} — (ii) .
(2cosf+2cos20) 22
12 The parametric equations of a curve are
X =1f+cosf, vy =1In(1 +sint),

| 1
where —3T <1< 5.

(i) Show that g = sect. [5]
(ii) Hence find the x-coordinates of the points on the curve at which the gradient is equal to 3. Give
your answers correct to 3 significant figures. [3]
Answer: (ii} 1.56, -0.898 J16/33/Q4
13 The parametric equations of a curve are

X=Incosf®, y=30-—tanb,

where 0 0 < 1q

2
. dy .
(i) Express ar in terms of tan 0. [5]
(ii) Find the exact y-coordinate of the point on the curve at which the gradient of the nermal 1s equal
to 1. [3]
. N 117/31/Q4
Answers: (i) 2M0=2 ) 3. /3

tané 4
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CHAPTER 11: INTEGRATION

Integration of Exponentials

Example 1
Find Jeh”dx.

Example 2
Find:

a J.ef”“ dx b J.e‘zx dx

Example 3
Calculatef ex+3dx.

0

Example 4
2

Evaluate J- 9e3x1 d .,
1

Example 5
YA p=xlte X
N i
I
! ! -
17 1 2 x
Find the area of the shaded region.

Example 6

C J e 4 dx

Example 5

Find the area bounded by the graph of y = e, the x-axis, the y-axis, and the line x = 1.

Farooq
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Integration of
1

ax+ b

Example 7
Example 6

Find IZ 2 3 dx and state the values of x for which the answer is valid.
x —

Example 8
Find each of these integrals and state the values of x for which the integral is valid.

2 4 6
24 b j : f
a .[x = 2Jc+1(bb = 2—3xdx

ExamQ_Ie 9

5
Calculate f = ! 5 dx, giving your answer as a single logarithm (i.e. in the form In k,
3 X —

where k is real).

Example 10

6

dx.
2 —3x

3
Find the value of J.
2

Example 11
Example 11

i
Calculate J ﬁ—dx, giving your answer as a single logarithm (i.e. in the form In &,
o LT 2X

where k is real).

Integration of trigonometric functions

Example 12
Find | cos2x dx.

o

Example 13

n

Find sin(3x + %)dx
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Example 14
Find:

a J. sin2x dx b J- cos3x dx

Example 15

™
Find the exact value of j ) (3-2sin2x)dx.
0

Example 16

———— e - —

Calculate the exact value of jg4 tan? 0 d6.
o]

Example 17

T
Find the exact value of I * Stan? x dx.
0

Example 18

c ’[486()2% dx

1

a) By writing 2x = 3x — x and 4x = 3x + x, show that sin 3x cos x = —(sin 2x + sin 4x).

I

b) Hence calculate JE sin 3x cos x dx.

o]

Example 19
a) Show that (3 sin x—cos x)*> = 5— 3 sin 2x — 4 cos 2x.

X
b) Hence calc:ulat'aJ-2 (3 sinx — cos x)*dx.
V]

Example 20
dy

a Show thatif y = secx then p tan x sec x.
X

1
=7

b Hence find the exact value of J- * (cos2x + 5tanx sec x) dx.
0

Example 21
2

a Prove that 2cosec2x tan x = sec” x.

1
—T
b Hence find the exact value of 31 (5+ cosec2x tanx)dx.
-—n
3

113
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Example 22

Find the integrals
a) |cos’xdx b) j12 sin® x dx.
Example 23
) cot’8 2 5[ _cot’®
a) Show that ———— = cos* 6. b) Hence calculate P de.
1+ cot’ 8 5 | 1+cot
Example 24
i  Show that 12 sin® x cos?x = % (1-cosdx). 13]
]
i}
i Hence show that Jf 12sin? x cos? x dx = % + % 3]
-7

4
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q3 June 2013

Example 25
i a Find J4e"(3 +e?¥) dx. 3]
1. 1
b Show that J.“l (3+2tan?9)do = 7 @+ 7). [4]
-ix
Cambridge International 4S & A Level Mathematics 9709 Paper 21 06 June 2011
Example 26
i Show that (2sinx +cosx)® can be written in the form % +2sin2x — % cos2x. [5]
1
—T
i Hence find the exact value of J * (2sinx +cosx)? dx. [4]
0

Cumbridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2012

114 Compiled by: Salman
Farooq



Example 27

CO5X show thatif y = cotx then j_y = —cosec? x. 131
X

) . ey 08
i By differentiating —
simx

ii By expressing cot? x in terms of cosec® x and using the result of part i, show

1
it
that Jf cot?xdx =1- ?‘1[ . [
-T
4
. : 1
iii Express cos2x in terms of sin? x and hence show that T cos2x a0 be expressed as 3 cosec? x.
Hence, using the result of part i, find J S S b [3]
l-cos2x

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q8 June 2010

Example 28

4
i Find | 17O 2% 4, )
cos” 2x

3x-2

In(ae”), where a and b are integers. I5]

14
ii  Without using a calculator, find the exact value of J (2 + J dx, giving your answer in the form
4

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2016

Example 29

YA

L
2>
X

O T

The diagram shows the curve p = xsinx, for 0 < x < n. The point Q [% T, % n) lies on the curve.

i Show that the normal to the curve at Q passes through the point (x, 0). [5]

ii Find = (sin x — xcos x). 2]
dx
1

2
0

b
iii Hence evaluate j xsinxdx. [3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q8 November 2010
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Example 30

i Prove that cot @ + tan & = 2 cosec26. [31
i 1
ii Hence show that J-l cosec26do = 5 In 3. 4]
=T
X Cambridge International A Level Mathematics 9709 Paper 31 Q5 November 2013
Example 31
i Prove the identity tan20 — tan @ = tan @ sec26. [4]
Ly
ii  Hence show that Jé tan @ sec 20d6 = % In % 14]
0
Cambridge International A Level Mathematics 9709 FPaper 31 Q5 November 2016
Example 32
i  Using the expansion of cos(3x — x) and cos(3x + x), prove that % (cos2x — cos4x) = sin 3x sin x. [3]
1. 1
ii Hence show that J-f sin3x sinxdx = 3 J3. 3]
ETE
Cambridge International A Level Mathematics 9709 Paper 31 Q4 June 2010
Example 33
a Find j (4 + tan® 2x) dx. 3]

in sin(x+ %n)

b Find the exact value of dx. [5]

1 sinx
4T
Cambridge International A Level Mathematics 9709 Paper 31 Q3 June 2015
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Integration by recognition

Example 5
Find J tan3xdx.
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Example 6

YA

=Y

o 1 P
2
The diagram shows the curve y = 7 f 7 for x =0, and its maximum point M. The shaded region R is
X

enclosed by the curve, the x-axis and the lines x =1 and x = p.

i Find the exact value of the x-coordinate of M. 4]
ii Calculate the value of p for which the area of R is equal to 1. Give your answer correct
to 3 significant figures. [6]

Cambridge International A Level Mathematics 9709 Paper 31 Q10 November 2015
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CHAPTER 12: INTEGRATION BY PARTS

Integration by parts

dv o du
J[Hajdx = v J(v dx]dx

............................................................................................................

Example 5
‘ Find J(lnx) dx.

Example 6
Find J—(x3 Inx)dx.

Example 7
Find j(ez"sinx)dx

Example 8

‘ l : :
Given that [ = J- % dx, use integration by parts to show that 7 = % (Inx)* +c.
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Example 9

1
. 2
Find the exact value of j xe™* dx.
0

151
Cambridge International A Level Mathematics 9709 Paper 31 Q2 June 2016

Example 10
YA
ol T — 7
M
The diagram shows the curve y = x° In x and its minimum point M .
i  Find the exact coordinates of M. (5]
51

Find the exact area of the shaded region bounded by the curve, the x-axis and the line x = 2.

i
Cambridge International A Level Mathematics 9709 Paper 31 Q9 November 2010

Example 11

YA

=Y

[7)
The diagram shows the curve y = x%e** and its maximum point M.

B3]

2
i Find the exact value of _[ X6 dix 6]
0
Cambridge International A Level Mathematics 9709 Paper 31 Q9 June 2015

i Show that the x-coordinate of M is 2.

Example 12
November 2014/31 Question 6

iJ

It is given that I In{2x)dx= 1, where a > 1.
l

[6]

In2
(i) Show thata = %cxp (] + T)’ where exp(x) denotes e”.
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Example 13

June 2014/32 Question 8
¥
A
0 - e
The diagram shows the curve y =x cos %x forO0=sx<m.
Lo dy d?y .]
(i) Find i and show that 4 — + y + 4sinyx= 0. [3]
2

(if) Find the exact value of the area of the recion enclosed by this part of the curve and the x-axis.

[5]
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HOMEWORK: INTEGRATIONS BY PARTS VARIANT 32

1 1
Find the exact value of j xeX dx. 4]

0

J03/Q2

Answer %EEE + 1).

}.I
L
M
-
\M
.-4 I B -
G / e =
Inx
The diagram shows the curve ¥ = —- and its maxinmm point M. The curve ents the v-axis at 4.
X
(i) Write down the x-coordinate of 4. [1]
(if) Find the exact coordinates of A4, =1
(iif) Use integrarion by parts to find the exact area of fhe shaded region enclosed by the curve, the
x-aiis and the line x = e. [5]
. - i 2 2 04/Q10
Answers: (i) 1; (i) x = e, y=—;{iii) 1-—. jo4/Q
e e
4 ¥

Y
-

0 J] 4

M

1
The diagram shows a sketeh of the cwrve 1 = 22 Iny and its minimum poine M. The cnrve curts the

a-axis at the point (1, O).

{i) Find the exact value of the y-coordinate of AL, [4]

(iiy Use integration by parts to find the area of the shaded region enclosed by the cwve, the y=axis
and the line x = 4. Give yvour answer comrect o 2 decimal places. [5]
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J06/Q8

Answers: (1) e7; (i) 4.28.

¥y
A
M
o
R
0 »> X

-1 . . - :
The diagram shows the curve y=e 2x1,/(1 + 2x) and its maximum point 4. The shaded region betiween
the curve and the axes 1s denoted by R.

(i) Find the x-coordinate of AL [4]
(ii) Find by integration the volume of the solid obtained when R is rotated completely about the
x-axis. Give your answer in terms of 7 and e. [6]
— 08/Q9
Answers: (i) %; [il) m(24/e —3). J08/Q
¥
A
B

0 A ~_ "

M

The diagram shows the curve y = (3 — x)e_z’( and its minimum point M. The curve intersects the
x-axis at A and the y-axis at B.

(i) Calculate the x-coordinate of M. [4]
(ii) Find the area of the region bounded by @A, OB and the curve, giving your answer in terms of e.
(5]
Answers: (i) 3%; (i) 2(5+e7°). N03/Q6
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A
y M
_\-\-‘\\.\_\\
I >
£ 1
. 5 A
The diagram shows the curve y =372 2.
(i) Find the y-coordinate of M, the maxinom pomit of the curve, [4]

(ii) Find the arsa of the shaded region enclosed by the curve., the x-axis and the line x = 1. giving
your answer m terms of e, [3]

Answers: (i) 4: (if) 16 — 26 o3 N04/Q7

Use mtegration by parts 1o show that

4
J- Inyvdvr=6In2- 2. 4]
2

N07/Q3

M

A

X

=]
e
I
Y

) Inx . . . ;
The diagram shows the curve ¥ = Tx and its maximum point M. The curve cuts the x-axis at the
x

point A.
(i) State the coordinates of A. [1]
(ii) Find the exact value of the x-coordinate of M. [4]

(iii) Using integration by parts, show that the area of the shaded region bounded by the curve, the

Xx-axis and the line x =4 is equal to 8 In2 — 4. [5]
Answers: (i) (1,0) (i) &°. N09/31/Q9
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10 ¥

¥

o

3

M

The diagram shows the curve y = x° Inx and its minimum point M.
(i) Find the exact coordinates of M. [5]

(ii) Find the exact area of the shaded region bounded by the curve, the x-axis and the linex= 2. [3]

1 N10/32/Q9
Answers: (i) (e 3, — 1) (i) 4In2-12 /32/Q
e 16

11 \

N

0 3

The diagram shows the curve y = x’e ™.

(i) Show that the area of the shaded region bounded by the curve, the x-axis and the line x = 3 is

equal to 2 — g [5]
e
(ii) Find the x-coordinate of the maximum point M on the curve. [4]

(iii) Find the x-coordinate of the point P at which the tangent to the curve passes through the origin.

(2]

Answers. (i) 2; (i) 1. J11/32/Q10
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12

O\/ e >t

1
The diagram shows the curve y = x?Inx. The shaded region between the curve, the x-axis and the line
x =-eis denoted by K.

(i) Find the equation of the tangent to the curve at the point where x = 1, giving your answer in the
form y = mx+c. [4]

(ii) Find by integration the volume of the solid obtained when the region R is rotated completely

about the x-axis. Give your answer in terms of m and e. [71
Answer. (i) y=x-1 (ii) %n(ez -1 112/32/Q3
13 ¥
F
2] - X
The diagram shows the curve y = xcos %x for0<x<a
o Ay dzy s
(i) Find & and show that 4@ +y+4sinzx = 0. [5]
(ii) Find the exact value of the area of the region enclosed by this part of the curve and the x-axis.
[3]
Answer. (i) 27 —4 J14/32/Q8
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14

A
> X
O M €
The diagram shows the curve y = x” In x and its minimum point M.
(i) Find the exact values of the coordinates of M. [5]

(ii) Find the exact value of the area of the shaded region bounded by the curve, the x-axis and the

linex=e. [5]
O R FR [ N11/32/Q9
Answer. (i) fog,y— e (i) g(2e +1)

15 * Inx
Find the exact value of — dx. [5]

| Vx
Answer. 8In2—4 N13/32/Q3
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HOMEWORK: INTEGRATIONS BY PARTS- VARIANTS
31&33
It is given that Jaxcosxdx = 0.5, where 0 < a < 1z,

o 2
1.5
(i) Show that a satisfies the equation sina = %.
Answer: 33/]15/6
2
(ii} Find the exact value of J e’ dx. [6]
0
Answer. (i) 2&° = 10 31/115/9
a
It is given that J In{2x)dx =1, where z > 1.
1
! 1 In2
(i) Show thata = ;exp|1+ —— |, where exp(x) denotes e". [6]
a
31/N14/6
P
It is given that J 4xe_%rdx =9, where p is a positive constant.
0
Bp+ 16
(i) Show that p= 2In ( i ; ) [5]
Answer: 33/N13/5
4
{(a) Show that J dxInxdx = 56In2 — 12. [5]
2
Answer: 31/]13/8
The expression f(x) is defined by f(x) = 3xe™".
(i) Find the exact value of f '(—%]. [3]
0
(ii) Find the exact value of J fix) dx. [5]
1
—7
33/N12/5
Answers: (i) 6e; (ii) —%. / /
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a

It is given that J
1

. 27
(i) Show that z = J(m)

(ii) Use aniterative formula based on the equation in part (i} to find the value of a correct to 2 decimal
places. Use an initial value of 6 and give the result of each iteration to 4 decimal places.

xlnxdx =22, where a is a constant greater than 1.

[5]

[3]

| 33/N11/5
Answar: i iven); (if) 5.86
) | (given); i)
¥
A
X
0 M
The diagram shows the curve y = x* Inx and its minimum point M.
[3]

(i) Find the exact values of the coordinates of M.

(ii) Find the exact value of the area of the shaded region bounded by the curve, the x-axis and the

linex=e. [5]
S I I B 31/N11/9
Answer: (i) x= @,y— 2 (i) 9{2& +1}
9 : 1y _1
Show ﬂmtj (1-x)e T dr=4e 7 -2, [5]
0
Answer: 31/]111/3
10 * Inx
(i} Given that — dx = £, show that @ = 3(1 + Ina). [5]
1
Answer: 33/N10/7
11 3
Find the exact value of J xe X dx. [5]
0
J16/31/Q2

Answer. 1 19“1
4 2
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12

Find the exact value of JE Osin %9 do. [4]
0
Answer. (4 —n)/\2 J17/33/Q4
13 _ _ & . :
Showing all necessary working, find the value of J X cos 3x dx, giving your answer in terms of x.
0
[5]

- 18/33/Q3
Answer (r-2) 118/33/Q

18
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CHAPTER 13: INTEGRATION BY SUSBTITUTION

Example 1
Find j\/4 —x* dx using the substitution x = 2 sin 8.

Example 2

2
Find j x+/5x — 2 dx using the substitution # = 5x — 2. Give your answer to 3 significant figures.
1

Example 3
Find J.e(hl-]n x) dx using the substitution x = e*.
L X

Example 4
Find Jﬁ dx using the substitution u# = 5x — 2.
x —

Example 5
P9
Find j“cos 2x sin® 2x dx using the substitution u = sin 2x.
0

Example 6

12

1

127 COoSs2x

Findj [—] dx using the substitution # = 1 + sin 2x.
o \1l+sin2x

Example 7

Use the substitution u = 2x +1 to find j4x\f2x +1 dx.

Example 8
Use the substitution x = 2tanu to find J. 28
x*+4

Example 9

Use the substitution # = sinx to find [ sin? 2x cos x dx.

Example 10

3 -
Use the substitution # = x + 1 to find S
o vx+1

131
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Example 11

© J(1+3tanx)
Use the substitution u = 1+ 3tanx to find the exact value of J. ( pv— [5]
x
Cambridge International A Level Mathematics 9709 Paper 31 Q2 June 2014

Example 12

Let I = -[\](4—36

i  Using the substitution x = 2 sin 6, show that 7 = J 4 sin? 6d6. 3]

ii Hence find the exact value of /. 4]
Cambridge International A Level Mathematics 9709 Paper 31 Q5 November 2010
Example 13
2
The integral [ 1s defined by [ = I 4¢3 In(e? +1) de.
0

5
i Use the substitution x = > +1 to show that I = j (2x -2)Ilnxdx. [3]
1

ii Hence find the exact value of 1.

151
Cambridge International A Level Mathematics 9709 Paper 31 Q7 June 2011

Example 14
4
i Show that J' AxInxdx =562 —12. 51
2
Lr
i Use the substitution u = sin 4x to find the exact value of J.z" cos? 4xdx. [5]

Cambridge International A Level Mathematics 9709 Paper 31 08 June 2013

Example 15
June 2014/32 Question 2

Use the substitution # = 1 + 3 tanx to find the exact value of

.,l’ I+31anx} 5]
cos X .
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Example 16
June 2014/33 Question 9

o X

(1]

.
— alsinx
=&

The diagram shows the curve y cosxforO<sx< %:r._, and its maximum point A4,

(i) Using the substitution x = sinx, find the exact value of the area of the shaded region bounded by
the curve and the axes. [5]
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HOMEWORK: INTEGRATION BY SUBSTITUTION
VARIANT 32

(i} Prove the identity

cotxy — cot v = cosec 2x. 3]
1

ol I

(11} Show that -[ cotxde=5In2. [3]
l;r; -

(iiiy Find the exact value of r cosec 2x dx, giving your answer in the form aln b, [4]
—IT

i
J03/Q10

Answer- (iii) In 3.
4

(i) Prove the identity

sin” @ cos® 8 = %[1 —cos48). [3]
(ii) Hence find the exact value of
g?r
a2 2
I sin” B8 cos” 0 d6. [3]
0
J04/Q5
_— 3
Anawer: (il) —r + .
24 B4
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M
AN
/| 2

and its maxinoum point A, The shaded region R is

. k)
The diagram shows part of the curve v = — 1
Lt

bounded by the curve and by the lines v =0andx = Fi3

{I) Calculate the y=coordimate of A7, [4]

(ii) Find the area of R in terms of . [3]

(iii} Hence calculate the value of p for which the area of B 15 1, giving vowr answer correct to

3 significant figures, [2]
J05/Q9

Answers: (i)} 1; (if) %Inl{pz +1): (i) 2.53.

(i) Express cos@ + (+/3) sin® in the form Rcos{f — «), where R > 0and 0 < @ < %ﬂ'. giving the
exact values of B and o h [3]

T

bt

(ii) Hence show that J - e ;L [4]
o (cos@+(v/3)sin@) V3

/ | 07/Q5
Answer: (i) 2cns| # —%;r I 107/Q
4
Letf= y = N dx
- y x(4—4/x)
2 2
(i) Use the substitution # = 4/x to show that I = ———du. [3]
. u(4 —u)
(ii) Hence show that 7 = %]n 3. [6]
J07/Q7
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O

The diagram shows the curve y = x2\/(] —xz] for x 2 0 and its maximum point M.

(4]

(i) Find the exact value of the x-coordinate of M.

(ii) Show, by means of the substitution x = sin 0, that the area A of the shaded region between the

curve and the x-axis is given by

Lr
A—lr sin220 do [3]
—_ 4 0 - =
(iii) Hence obtain the exact value of A. [4]
f 09/Q10
Answers: (i) jéﬂ (i) 2 109/Q
3 16
T
Show that I XZsinxdx = 72— 4. [5]
0
J10/32/Q2
2
Find the exact value of J- XlInxdr. [4]
1
3 N02/Q2

Answer. 2in 2 I.

(i) Use the substitution ¥ = sin® @ to show that
R ) ~y a2
\/(ﬁ}ch = | 2sin2@ ds. [4]

(i} Henece find the exact value of

NO05/Q6
Answer: (if) %f-% 3. A
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10 (i) Prove the identity cos 40 —4cos20+3=8 sin* 6. [4]
(ii) Using this result find, in simplified form, the exact value of
1
jﬂ:
I sin*0do. [4]
e
Answer: (i) %(zf J3). N09/31/Q5
11 ! 2
Let/= | — X _dx
L V@E-2)
(i) Using the substitution x = 2 sin 8, show that
i
I= J 4sin?6 de. [3]
o
(1) Hence find the exact value of 1. [4]
Answer: (i) %,r.r _%_ N10/32/Q5
12 (i) Use the substitution x = tan 8 to show that
1 -2
jﬁdx: Jcosze de. [4]
(ii) Hence find the value of
1 )
— :\'
ﬁ d.\-. [3]
J; (1+x2)
Answer: (ii) % J05/Q4
13 (i) Use the substitution x = 2 tan @ to show that
2 1
T
j L,,zdxz r cos? 0.de. [4]
o 4+x9) 0
(i1) Hence find the exact value of
2
8
. 4
L (4 +x2)2 41
N09/32/Q6

Answer: (ii) 1—:: |1—.
& 4
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14 5 5

(i) Using the substitution # = /(6 — x), show that

2
10u
I= ,[ —(S—u)(Q-l-u}du' [4]
(ii) Hence show that f =2 ]n(%}. [6]
J12/32/Q8
15 1
(i) By differentiating pv show that the derivative of secx is secxtanx. Hence show that if
¥ = In(secx + tanx) then a}’ = SeCX. [4]
(ii) Using the substitution x = {(+/3) tan 8, find the exact value of
RS
expressing your answer as a single logarithm. [4]
13/32/Q6
Answer. In 2443 113/32/Q
NE)
16 :
Letl= v dx.
2—x
0
2
. . P 2(2 - u)?
(i) Using the substitution u = 2 — fx, show that [ = Y due. [4]
1
(ii) Hence show that/ =8In2 - 5. [4]
J15/32/Q6
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1 d
(i) By differentiating . show that if ¥ = sec X then _ secXtanx. [2]
COSX dx
. 1
(ii) Show that ————— = secx + tanx. [1]
secX —tanx
(iiif) Deduce that ; =2sec’x— 1 +2secxtanx. [2]
secx — tanx)?
7 :
(iv) Hence show that — _dx=18v2-n). [3]
(secx — tanx)? 4
N12/32/Q5
18 (i) Prove that cot8 +tan8 = 2 cosec 26. [3]
Iz
(ii} Hence show that L cosec268d8 = %]n 3. [4]
EN’
N13/32/Q5
19 ’
M
R
Ol ] D > X
32
The diagram shows the curve y = s forx = 0, and its maximum point M. The shaded region R
+

is enclosed by the curve, the x-axis and the linesx =1 and x = p.
(1) Find the exact value of the x-coordinate of M. [4]

(ii) Calculate the value of p for which the area of R is equal to 1. Give your answer correct to

3 significant figures. [6]
Answers: () Y2 ; 1) 3.40 N15/32/Q10
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HOMEWORK: INTEGRATION BY SUBSTITUTION-
VARIANTS 31 & 33

(a) Find J(4 + tan? 2x) dx.

T 1
) sin(x + 47)
(I} Find the exact value of —_—
. sinx
i

[3]

[5]

Answers: i} 3x + %tan2x+c (ii} —*r V3 - 1 —Inf i

JE

31/J15/5

¥y
A

N

o

The diagram shows the curve y = e211*

[
=

cosx for 0 € x € 1z, and its maximum point M.

(i) Using the substitution 2 = sinx, find the exact value of the area of the shaded region bounded by

the curve and the axes.

[5]

(i) Find the x-coordinate of M, giving your answer correct to 3 decimal places. [6]
: 33/]14/9
Answers: (i) E{ez — 1y (i} 0.896
Use the substitution # = 1 + 3 tanx to find the exact value of
(1 +3tanx) tanx]
J [3]
cos?x
31/J14/2

14
Answer —
2]

Farooq
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3x
3x+1

Use the substitution # = 3x+ 1 to find j [4]

; ; 33/N13/2
Answer: E[BX |1}—§In|3.x | ‘1| O

(i) Express (y3)cosx +sinx in the form Rcos(x — «), where R> 0and 0 < e < %:nc, giving the exact
values of R and o. 3]

(ii} Hence show that

dx = Ly3. [4]
. 2 4
Le ({(¥3)cosx +sinx)
_ 33/]13/4
Answer. 2 and é
:..-
M
ol I >t
T

The diagram shows the curve y = sin?2xcosx for 0 € x £ 1z, and its maximum point M.

p)
(i) Find the x-coordinate of A4, [6]
(ii) Using the substitution # = sinx, find by integration the area of the shaded region bounded by the
curve and the x-axis. [41
8
Answer. 0.685 Answer. 15 33/113/9
7
(I} Use the substitution = sin4x to find the exact value of -[ cos> dx dx. [5]
o
31/]13/8
Answer: Akl M3/
96
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1

8 (i) Express 4 cos 8+ 35in 8 in the form K cos(0 — a), where R > 0 and 0 < ¢ < zz. Give the value

of o correct to 4 decimal places.

(ii} Hence

(a) solve the equation 4cos8 +3sin8=2ford < 8 < 2x,

() find 20 —— db.
{4cos 8+ 3sinf)

[3]

[4]

(3]

Answer 0.6435 Answer 1.80and 577 Answer Ztan(:f-0.6435)

31/]13/9

9 ¥
A

N

The diagram shows part of the curve y = sin® 2x cos® 2x. The shaded region shown is bounded by the

curve and the x-axis and its exact area is denoted by A.

(i) Use the substitution i = sin 2x in a suitable integral to find the value of A. [6]
Em
(ii) Given that J |sin® 2xcos® 2x| dx = 404, find the value of the constant k. 2]
0
Answers. (1) l; (i} 10. 33/N12/7
24
10 {i) By differentiating oolsx’ show that if y = secx then % = secxtanx. [2]
(ii) Show that ; = sacX+tanx. [1]
secx —tanx
(iii) Deduce that ———— = 2sec’x— 1 + 2secx tanx. 2]
(secx — tan x)?
(iv) Hence show that ————dx= %(Sxf 2—m). [3]
o (s8CX—tanx)
Answer: 31/N12/5
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11 ¥
A
R
X
O P
The diagram shows part of the curve y = cos(+/x) for x = 0, where x is in radians. The shaded region
between the curve, the axes and the line x = p?, where p > 0, is denoted by R. The area of R is equal
to 1.
] L . I y 3—2cosp
(i) Use the substitution x = 1~ to find cos(v/x) dx. Hence show thatsinp = T [6]
0
Answer: 33/]12/7
12 ¥

b .
i

The diagram shows the curve
— 7 l —_— l I~
V= #sin 2x tan 2.1

for 0 £ x < m. The x-coordinate of the maximum point is & and the shaded region is enclosed by the
curve and the lines x = e and y = 0.

(i) Show that o = %rr. [3]
(ii) Find the exact value of the area of the shaded region. [4]
31/]112/5

Answer. (ii) 3+2In%
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13 (i) Use the substitution i = tanx to show that, for n = —1,

1

i 1
J (tan™2x + tan"x) dx = ——. [4]
o n+l
(ii) Hence find the exact value of
o
{a) J (sec“x— seczx] dx, [3]
o
"
(b} J (tan®x + 5tan’ x + 5 tan” x + tan> x) dx. [3]
o
Answers: (1) L {given); (ii){a) l {s)] ﬁ e
S o+ ' 3 24
14 ¥
A
M
> X
O %rr
The diagram shows the curve y = 5sin’xcos’xfor 0 € x € %zr, and its maximum point M.
(i) Find the x-coordinate of M. [5]
(ii) Using the substitution &4 = cos x, find by integration the area of the shaded region bounded by the
curve and the x-axis. [5]
Answers: (i) 0.88€; (ii) % 33/]11/8

15 2
The integral [ is defined by 7 = J 48 In(£ + 1) dr.
[H

5
(i) Use the substitution x = * + 1 to show that f = J (2x—2) Inxdx. [3]
|
(ii) Hence find the exact value of 1. [5]
Answer. (ii) 15In5 - 4. 31/111/7
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16 (i) Prove the identity cos48 +4cos26 = 8cos*8 — 3. [4]
(ii) Hence
{n} solve the equation cos48 +4cos28=1 for —%Jr £0< [3]
in
(b} find the exact value of J cos* @ dg. [3]
0
31/]11/9
Answers: (liYa) =0.572, (b) i;r+l . M/
32 4
17 1tis given that f(x) = 4 cos?3x.
(i) Find the exact value of f'(§r). [3]
(ii) Find Jf(x) dx. [3]
Answers: (i) —Eﬁ; (ii} 2x+%5in BX+c. 33/N10/4
18 1
Let /= J _ X &
0 V{4—x%)
(i) Using the substitution x = 2 sin 8, show that
in
I= J 4sin’0 do. 3]
0
(ii) Hence find the exact value of I. [4]
. 31/N10/5
Answer: (ii) l,T - "'II—B .
3 2
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19 ¥

Y
-

o o

The diagram shows the curve y = ¢ — e~ and its maximum point M. The x-coordinate of M is

dencted by p.
(i) Find the exact value of p. [4]
(ii) Show that the area of the shaded region bounded by the curve, the x-axis and the line x = p is
equal to §. [4]
Answer: (i) In2. 33/]10/5
20 (i) Prove the identity cos38 = 4cos>8 —3cos@. [4]

(ii) Using this result, find the exact value of

1

,lII.'-
_[ cos® 6d4. [4]
"
33/]10/7
Answer: (i) 2-2.3 .
3 B
21 (i) Using the expansions of cos(3x —x) and cos(3x +x), prove that
1(cos 2x — cos 4x) = sin3xsinx. [3]
(ii) Hence show that
i
r sin3xsinxdx = L/3. 3]
In
22 i :
Use the substitution # = 4 — 3 cosx to find the exact value of M g [8]
0 (4 —3cosx)
Answer, % N15/33/Q5
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4
B e [yo-1
| 2x+y/x) ’
-1
(i} Using the substitution u = 4/x, show that J = J. :i 1 dur. [3]
1
(ii) Hence show that/ = 1+Ing. [6]
N16/33/Q6
24 y
I 3
M
R
X
o %,,

The diagram shows the curve y = 5 sin®xcos>x for0 € x € %Jr, and its maximum point M. The shaded
region R is bounded by the curve and the x-axis.

(i) Find the x-coordinate of M, giving your answer correct to 3 decimal places. [5]

(ii) Using the substitution i = sinx and showing all necessary working, find the exact areaof R. [4]

N18/33/Q7
Answers: (i) x=0.685 {ii) % /33/Q
25 1 5
X
Let] = I — dx.
o (1+x7)
. ) ) . 5 T (u-1) .
(i) Using the substitution # = 1 +x~, show that I = 3 dut. [3]
2u”
1
(ii) Hence find the exact value of I. [5]
1 5 J16/33/Q7
Answer: —In2——
2 16
26 Itis given thatx =In(1 —¥)—Iny, where 0 < y < 1.
e—I
i) St that y = . 2
(i) Show thaty T o [2]
1 2e
(ii) Hence show that -[ ydx = ln( ) [4]
0 e+ 1
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J17/31/Q3

27

o

The diagram shows the curve y = sinx cos>2x for 0 € x € %ft and its maximum point M.

(i) Using the substitution i = cosXx, find by integration the exact area of the shaded region bounded

by the curve and the x-axis. [6]
(ii) Find the x-coordinate of M. Give your answer correct to 2 decimal places. [6]
Answers: (i) %(7_4\/5) i) 0.32 J17/31/Q10
28 3
x
Let] = .[ \/(—)dx
. 1—x
I
in
(i) Using the substitution x = cos20, show that [ = -[1 2 cos20do. [4]
Eﬂ'
(ii) Hence find the exact value of 1. [4]
Answer: (ii) % J18/31/Q5

29 Throughout this question the use of a calculator is not permitted.

(i) Express cos 8 + 2sin 8 in the form Rcos(0 — ), where R> 0and 0 < o < %7:. Give the exact

values of R and tan c. [3]
lﬂ'
4 15
(if) Hence, showing all necessary working, show that — = df# =5. [5]
0 (cos 0 +2sin 8)”
Answer. (i) R= J5, tana=2 118/33/Q7
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CHAPTER 14: INTEGRATION WITH PARTIAL FRACTIONS

Example 1

2x>—x+6
(x+1)(x*+2)

Example 4

By first expressing 2(;) in partial fractions, find J[ﬁj dx.
X \X X X —

Example 5
By first expressing = partial fractions, ﬁndJ 2‘2_ 2 |dx
x(x” +4) x(x” + 4)
Example 6
. J—x
Find j
G2ty &
Example 7
Find j['ﬁf = 4x° — 2]
x(x—1)
ExamQ_Ie 8
: 1
e I o
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Example 9
June 2014/33 Question 8

6+ 6x

Let fix)= —————.
(2—x)2+x7)

A Bx+C
(i) Express f{x) in the form —— + il —.
2—x  2+x

[4]

(ii) Show that j]] fix)dx=31n3. [3]

Example 10

i Express m in partial fractions. 2]

2 U D S DN
(x+D{x+3))  (x+1)? x+1 x+3 (x+37

! 4 7 3
iii Hence show that ,“0 mdx’ = 1—2 —In 5 I5]

Cambridge International A Level Mathematics 9709 Paper 31 Q8 June 2010

2]

ii  Using your answer to part i, show that

Example 11
5 44,2
By first expressing %—;— in partial fractions, show that J-U ;;C—Ziw—gigi—; dx=8-1In9. [10]
Cambridge International A Level Mathematics 9709 Paper 31 Q9 June 2012
Example 12
12 + 8x — x?
Let f(x) = ———F———.
)= G
i  Express f(x) in the form I + & - 2C [4]

2—x 4+ x
. 1 25
i Show thatJ. f(or) dx = Inf 2 |, 5]
0 2

Cambridge International A Level Mathematics 9709 Paper 31 Q8 November 2011
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HOMEWORK: INTEGRATION BY PARTIAL FRACTIONS
VARIATN32

An appropriate form for expressing m partial fractions is

x4+ 1].{:\' -2
A ]

[ I
x+1 x-2

*

where 4 and B are constants.

{ay Without evaluating any constants, state appropriate forms for expressing the following in pagtial

fractions:
4x
iy ——————. 1
@ T ez )
EA N
iy ——. 2
(} fx =2} (x+2)2 [
4
) Showthat | ———  dv=In5 (6]
, W+=2)
N04/Q8
Answer: (a)) -2+ X C .y A, B € A Bx+C
’ x+4  x2+3770 x-2 x+2 (x42F  x-2 (x+2f
k
Find the exact value of the constant /- for which J. dv=1. [4]
<
N07/Q1

Answer %{e: +1).

(i) Find the values of the constants A, B, C and D) such that
2 — 1 B C D
_——=At—+— +—. 5
(2x-1) x X -1 ]

(ii) Hence show that

P ado
Xl gx=3411n(l8). 5
-|.1 (22— 1) 3+ 7In(35) [5]
Answers: {i) 1, 2, 1, 3. J10/Q10
2
Let f(x) = M
(2 —x)(4+x%)
. . A Bx+C
(i) Express f(x) in the form s + i [4]
1
(ii) Show that J f(x)dx = ln(%}. [5]
0
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L_Ax N11/32/Q8

Answer. (i)
-X 4+ x?
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HOMEWORK: INTEGRATION BY PARTIAL FRACTIONS-
VARIANTS 31 & 33

1
Let fx) = — %7
(2x— 1)(x+2)

(i) Express f{x) in partial fractions.

2
(ii) Show that J f(x)dx =4 +1In(3).
1

, ; ; 33/J15/10
Answers: (i) T + ~ 13 + 12
2 By first using the substitution # = €, show that
Ind
e In{38).
s e +3e+2 3
Answer: 33/N14/10
3 Letfpy. — o0&
(2-x)2+x%)
A Bx+ C
i) Express f(x) in the form —— + ———.
(i) Exp (x) 7 % a2
I
(ii) Show that J f(x)dvx=31In3.
1
Answer. (i) A=3,B=3,C=0 33/]14/8
4 T —3x+2 . : .
Express ————— in partial fractions.
x(x*+ 1)
Answer. 2 42X=3 31/J13/3
X% 4+ 1
4 —Tx—1
Let fI:X) = m
(i) Express f(x) in partial fractions. [5
6
(i) Show that L f(x)dx=8- ln{d—;]. [5
33/]12/8
- 2 1
Answer (ii) E_H_ 3
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By first expressing % in partial fractions, show that
X

4
4x +5x+3
A T x=8—1Ino.
, B7+5x+2 .

Answer: 31/]12/9
2
Let f(x) = 2t X=X
(2-x)(4+ x")
. . A Bx+C
(i) Express f(x) in the form 7+ TR
1
(i) Show that J f(x) dx = In(Z}).
0
Answer: (i) +4_x? 31/N11/8
2-x 4+x°
2x+7
Show that '[ m dx = In50.
4]
Answer: 33/N10/5
. 2 . . .
(i) Express m in partial fractions. [2]
(ii) Using your answer te part (i), show that
2 1 L1 )
x+Dx+3)]  (x+1)? x+1 x+3  (x+3)% [2]
I
(iii) Hence show that ; dx=-+—1In3 [5]
o 1 x+3)? o
Answer: {i} h W . 31/110/8
¥+1 x+3
10 (i) Show that (x+ 1) is a factor of 4x* —x2 — 11x — 6. [2]
4" +9x - 1
ii) Find 8
Y .[4f—f—11x—6 (8]
N15/33/Q7

Answer. —2In (x +1)+In (x —-2)+ 2In (4x +3)+C
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6x2 +8x+9

(i) Express f(x) in partial fractions.

[5]
0
(ii) Hence, showing all necessary working, show that J f(x)dx=1+ % ]n(%). [5]
-1
Answers: (i} L L + 3 > or T & > N18/33/Q9
(2-x) (3+2x) (3+2x) (2-x) (3+2x)
3x? -4
Let f(x) = —2 — 2
xX(3x+2)
(i) Express f(x) in partial fractions. [5]
2
(ii) Hence show that J f(x)dx = ln(%) -1. [5]
1
L3 2 6 J17/33/Q9
Answer. (i) ————
x x2 3x+2
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CHAPTER 15: DIFFERENTIATION AND INTEGRATION OF

Proof

hl\“lll'\llv LB 4

It is given that y=tan™'x. Find an expression for =2

tan~! (x)

d
dx

If y=tan'x, then L -t
dx

i

1+x

If y=tan™ ax, then, using the chain rule with u = ax,

dx du dx 1+ (ax)?

Example 1

If y=tan™'(1 — 2x), find, in its simplest form, an expression for =

Example 2

dy

Differentiate with respect to x.

a tan”!3x

b tan!4x

c tan‘l(i)
x-—-2

Examg_le 3 ]

y=xtan" x

Example 4

1t 52
=—1an x
L

156
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Integration of

x2+a?

Example 5

y=tan"

Example 6

a

J[ 1 2)cl.xztan‘l;’c+c
1+x

1 (ﬁj Find an expression for —=.

dy

X

y = tan"'(bx). Find an expression for 974

Example 7

pind | (

x> +25

]dx.

dx

Farooq
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Example 8

The diagram shows the graph of y =

16+ x>

YA

Calculate the exact value of the shaded area.

Example 9
1
Find J—zdx.
1+9x

Example 10

. 1
Find J m dx.

Example 11

2
Find the exact value of J. _21_ dox.
0 x-+4

i

Examglg 12

1
Find J—zdx
16 +25x

Example 13
2020 Specimen Paper 3 Question 5

(a) Show that %(x—tml_] x) = %

V3
(b) Show that J; xtan 'x dx = In-1v3.

Farooq
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Homework Exercise

Find the following integrals.

1 12
a) J —dx b) J.7° dx
4+9x 9+16x"

Calculate the exact value of the following definite integrals.
O vl b | P dx

S9+x S3+x7
Calculate the exact value of the following definite integrals.

e}

| e 1
) [ b) - dx

o 1+4x a1+ 25x7

159

Farooq
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1
o [t a
49x° + 81

520
25 + x°

dx

£ 8
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CHAPTER 16: TRAPEZIUM RULE

We already know that the area, 4, under the curve y = f(x) between x =« and x =5 YA

b
can be found by evaluating J f(x) dx. Sometimes we might not be able to find the value of

b
f f(x)dx by the integration methods that we have covered so far or maybe the function
a

cannot be integrated algebraically.

B T L LT ——

(N BEPECSR

wY

In these situations an approximate answer can be found using a numerical method called o
the trapezium rule.

This numerical method involves splitting the area under the curve y = f(x) between
x = a and x = b into equal width strips.

s

' 1
b ) e fp Sl [y e [y e g —— |y —i L

o 4 b x

The area of each trapezium-shaped strip can be found using the formula:

area = % (sum of parallel sides) x width

b—a
7o

b
J f(x)dx = g o+ +20n+ 3 +y3+...+ y,_1)] Where h =

An easy way to remember this rule in terms of the ordinates is:

b
f(x)dx = half width of strip x (first + last + twice the sum of all the others).

a
Example 1
The diagram shows the curve y = x -2 Inx. YA

Use the trapezium rule with 2 intervals to estimate the
shaded area, giving your answer correct to 2 decimal
places. State, with a reason, whether the trapezium rule
gives an under-estimate or an over-estimate of the true
value.

=Y

0 05 3.5
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Example 2

The diagram shows the curve y = 2v4dx — x?. %

Use the trapezium rule with 4 intervals to estimate the

4
value of J‘ 24/4x - x? dx giving your answer correct 0 >
0

to 2 decimal places. State, with a reason, whether the
trapezium rule gives an under-estimate or an over-
estimate of the true value.

Examglle 3

a) Use the trapezium rule with five intervals to estimate Jg(x cos x) dx, giving your answer
correct to 3 decimal places. 2

b) In Example 21, you saw that the exact value of this integral is % — 1. Calculate the
percentage error in the estimate using the trapezium rule with five intervals.

Example 4
1

o 6+ 2e*

i  Use the trapezium rule with two intervals to estimate the value of dx, giving

your answer correct to 2 decimal places. [31
X _ 2
i Find J (GGTZ) dx. [4]

Cambridge International AS & 4 Level Mathematics 9709 Paper 21 Q6 November 2012
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HOMEWORK: TRAPEZIUM RULE VARIANT 32

0| Ir

The diagram shows the curve ¥ = /{1 + 2 mnz_r) for0s o in.

(id Use the trapesium rule with three intervals to estimate the value of

J.-'TJT ‘\.'r{l + 2 |.'||12 xjx,
]

giving your answer correct 1o 2 decimal places. [3]
(i The estimate Tound in part {0} is denoled by E. Explain, withoul further calcolation, whether
another estimate found using the trapezium rule with six intervals would be greater than £ or less
than E. [1]

Answer. (i) 0.95. J09/Q2

Y
"

=.6 o 0.6

for values of x from =0.6 to 0.4,

. - 1
The diagram shows a sketch of the enrve v = 3
+a

(i} Use the trapezium rule, with two imtervals, to estimate (he value of

06 1
J I 3 dx,
s TN

glving your answer cotrect to 2 decimal places. [3]

(if} Explaimn. with reference to the diagram, why the trapezium mile may be expected to zive a good
approximation to the tme value of the integral in this case. [1]
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Anewar [ 197 J05/Qz

Use the trapezium rule with three intervals to estimate the value of

J‘N’
JZ In(1 + sinx) dx,
0
giving your answer correct to 2 decimal places. [3]
Answer. 0.72 J15/32/Q1

(i) Use the trapezium rule with 3 intervals to estimate the value of

gi‘l’
J cosecx dx,

1
T

giving your answer correct to 2 decimal places. [3]

(ii) Using a sketch of the graph of y = cosecx, explain whether the trapezium rule gives an

overestimate or an underestimate of the true value of the integral in part (i). [2]
Answaers: (1) 1.95; (1 overestimate N14/32/Q2
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HOMEWORK TRAPEZIUM RULE- VARIANTS 31 & 33

1 Use the trapezium rule with three intervals to find an approximation to

3
L 3°— 10] dx. [4]

Answer: 21 31/]15/2

2 (i) Use the trapezinm rule with 3 intervals to estimate the value of

1x
J cosecx dx,
&

giving your answer correct to 2 decimal places. [3]

(ii) Using a sketch of the graph of y = cosecx, explain whether the trapezium rule gives an

overestimate or an underestimate of the true value of the integral in part (i). [2]

Answers: (i) 1.95; (i) overestimate 31/N14/2

3 0.3 s
It is given that 7 = _[ (1+32%) dx.
0
(i) Use the trapezium rule with 3 intervals to find an approximation to J, giving the answer correct
to 3 decimal places. 3]
(i) For small values of x, (1 + 33:.2)_2 2 14 ax® + bx*. Find the values of the constants @ and 5.
03
Hence, by evaluating J {1+ ax® + bx*) dx, find a second approximation to 7, giving the answer
b

correct to 3 decimal places. [5]
[ = 33/N14/Q6

Answer. (ii) %[3 -17) /N14/Q

4 ¥
A
M
0 - X
I
The diagram shows a sketch of the curve y = eT for x > 0, and its minimum point M.
(i) Find the x-coordinate of M. [4]
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(ii) Use the trapezium rule with two intervals to estimate the value of

giving your answer correct to 2 decimal places. [3]
(iii) The estimate found in part (ii) is denoted by E. Explain, without further calculation, whether

another estimate found using the trapezium rule with four intervals would be greater than E or
less than E. [1]

Answers: (i) x =2 (ii) 2.93 J17/33/Q7
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CHAPTER 17: DIFFERENTIAL EQUATION

Example 3

dy
Solve —= = cos? y.
ovedx cos™ y

Example 4
dy

Solve = y?Inx.

I+x

The variables x and y satisfy the differential equation W =,
J

It is given that y =3 when x = 0.

Solve the differential equation and obtain an expression for y in terms of x.

Example 6

i dx  x(300-x)
<x< L ey
It is given that, for 0 < x <300, e, 00 -
differential equation, giving your answer as an expression for x in terms of r.

and x = 50 when ¢ = 0. Find the particular solution of the

Example 7
d ]
Find the curve which satisfies y? ay — x%¢* and passes through the origin.

Example 8
Find the curve which satisfies j—y = xy’e** and passes through (0, 1).
X
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Example 9

The variables x and y are related by the differential equation

dy 2
— =1-y°
= dx ’
When x =2, y = 0. Solve the differential equation, obtaining an expression for y in terms of x. [8]
Cambridge International A Level Mathematics 9709 Paper 31 Q6 November 2012
Example 10

The variables x and & satisfy the differential equation

% = (x +2) sin? 20,

and it is given that x = 0 when 8 = 0. Solve the differential equation and calculate the value of

x when 8 = % 7, giving your answer correct to 3 significant figures. 9]

Cambridge International A Level Mathematics 9709 Paper 31 Q8 November 2015

Example 11
November 2014/33 Question 8

The variables x and y are related by the differential equation

% = %ryfl sin ({x).
(i) Find the general solution, giving ¥ in terms of x. [6]
(if) Given that y = 100 when x = 0, find the value of y when x = 25. [3]
Example 12
June 2014/31 Question 4

The variables x and y are related by the differential equation

dy _ éye™
de 2 4™
Given that y = 36 when x = 0, find an expression for y in terms of x. [6]

167 Compiled by: Salman
Farooq



Example 13
June 2013/33 Question 8

The variables x and ¢ satisfy the differential equation

rdx_k—f
dt 2%’

for = 0, where I is a constant. When t=1,x=1and whent=4,x=2.

(i) Solve the differential equation, finding the value of & and obtaining an expression for x in terms

of . [9]
(if) State what happens to the value of x as ¢ becomes large. [1]
Example 14
June 2013/32 Question 8
1 A4 B C’
i) Express — in the form — + — . 4
O Exp (2 +1) 2 x 2Zx+1 4]

(if) The variables x and y satisfy the differential equation
2 dy
=2+ 1)—,
y=x(2x+ )

and ¥y =1 when x = 1. 5Solve the differential equation and find the exact value of 3 when x = 2,
Give your value of y in a form not involving logarithms. [7]

Example 15
June 2014/33 Question 5

The variables x and 8 satisfy the differential equation
dx
2cos’B— =/(2x+ 1),
cos 8 J(2x+1)

and x = 0 when 8 = _]Tr:rr. Solve the differential equation and obtain an expression for x in terms of 8.

[7]
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Example 15

Example 17.4 Write the differential equation jfor the following
statements. Use k as the constant of proportionality.

(i) The radius, r is increasing at a constant rate.
(ii) The length of a metal, x increases at a rate proportional to its length.

(iii) When heated, the length, L of a rod increases at a rate proportional
to the square of its length.

(iv) The number N of bacteria increases at a rate which is inversely
proportional to its value.

(v) The temperature T of a hot object decreases at a rate proportional to
its value at any time.

(vi) The rate of cooling of an object is proportional to the difference
between the temperature of a body, ¢ and temperature of its
surrounding, f..

vii) Af any time t days, the birth rate of fish is equal to one hundredth
of the number N of fish present. Fish are taken from the lake at the
rate of R per day.

Example 16
A tank is draining in such a way that when the height of water in the tank is hcm, it is
decreasing at the rate of 0.5\ cms™., Initially the water in the tank is at a height of 25 cm.
a) Write down a differential equation which describes this situation.
b) Solve the differential equation to find h as a function of time.
c) What is the height of the water after 10 seconds?
d) How long does it take for the water to reach a height of 5cm?
e) Sketch a graph of the height against time for 0 < < 20.
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Example 17
The spread of a disease occurs at a rate proportional to the product of the number of people

infected and the number not infected. Initially 50 out of a population of 1050 are infected and the
disease is spreading at a rate of 10 new cases per day. o

n(1050 —
a) If nis the number infected after t days, show that — - H=0)

dt 5000 °
b) Solve this differential equation to find the number of people infected after f days.
c) How long will it take for 250 people to be infected?

d) Explain why everyone in the population will eventually be infected.

Example 18

A stone falls through the air from rest and, ¢ seconds after it was o _ \

This is modelling motion
under gravity at 10m s 2with
air resistance proportional to
speed.

dropped, its speed v satisfies the equation % =10 - 0.2%.

a) Show that v =50(1 — e **).

b) Calculate the time at which the stone reaches a speed of 20ms™".

c) Sketch the graph of v against ¢ and hence show that the velocity of the stone will never be
more than 50ms™.

d) Explain what the differential equation tells us would happen if the stone was thrown
downwards with a speed of 60 ms™ instead of being dropped.

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Example 19
Example 17.6 The rate of increase of a variable x is proportional fo

d
100 — 2)2. When t =0, = = 0 and — = 10
dt

d
(i) Show that x satisfies the differential equation lljljtlld—:;T = (100 — z)%

(i) Show that the solution of this differential equation can be writien

in the form:

1000
— 100 — 22
o £+ 10

(iii) Find the value of x when t = 90.
(iv) Find the value of t when » = 50.

(v) Sketch the graph of = against t and explain what happens to x when
t becomes very large.
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Example 20

The size of a colony of pests, n, which fluctuates during the year,

is modelled by an entomologist with the differential equation

dn

i 0.2 (0.2 — cos t), where t is the number of weeks from Did you know?

An entomologist is a scientist

the start of the observations. There are 400 pests o
who studies insects.

in the colony initially.
a) Solve the differential equation to find # in terms of £.
b) Find how many pests there are after 3 weeks.

c) Show that the number of pests reaches a minimum after approximately
9.6 days, and find the number of pests at that time.

d) Find how many pests there are after 27r weeks.

e) Explain why the model predicts that the number of pests will grow infinitely
large over time.

Example 21
A model of the deflation of a sphere of radius rcm assumes that at time £ seconds after the
start, the rate of decrease of the surface area is proportional to the volume at that time.

WhentzO,r=20cmand%=—3.

a) Show that r satisfies % =-0.0075r".

b) Solve this differential equation, obtaining an expression for r in terms of £.
c) How long will it take for the sphere to deflate to a radius of 10 cm?

d) How much longer will it be before the radius is 5cm?

Example 22
In a chemical reaction a substance X reacts with another substance Y. The masses of

substances X and Y after time ¢ seconds are x and y grams respectively.

It is given that % = —0.5xy and x = 20e7%. Also, we know that when t = 0, y = 50.
a) Form a differential equation in y and t.

b) Solve this equation to obtain an expression for y in terms of ¢.

c) Find the mass of Y that remains as £ gets very large.
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Example 23
Example 17.7 A reservoir has a horizontal square base of length 10 m.
At the time t = 0, it is emply and water begins to flow into it at a rate

proportional to V'h, where h is the depth of water at time t s.

When h =1, @ =0.1L
dt

dh
(i) Show that h satisfies the differential equation e 0.1vh.

(it) By solving the differential equation, express t in terms of h.

(iti) Find the time at which the depth of water reaches 0.25 m.

Example 24
June 2014/32 Question 9

The population of a country at time ¢ years is N millions. At any time, & is assumed to increase at a

dn
rate proportional to the product of & and (1 — 0.01N). When r=0, NV = 20 and oG - 0.32.

(i} Treating N and ¢ as continuous variables, show that they satisfy the differential equation

% = 0.02N(1 — 0.01N). [1]

(if) Solve the differential equation, obtaining an expression for f in terms of &. [8]
(iii) Find the time at which the population will be double its value at ¢ = 0. 1]
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Example 25
June 2013/31 Question 10

Liguid is flowing into a small tank which has a leak. Initially the tank is empty and, { minutes later,
the volume of liquid in the tank is ¥ cm?®. The liquid is lowing into the tank at a constant rate of
80cm® per minute. Because of the leak, liquid is being lost from the tank at a rate which, at any
instant, is equal to k7 cm® per minute where & is a positive constant.

(i) Write down a differential equation describing this situation and solve it to show that

V= %{30— 80e~). [7]

(ii) It is observed that 77 = 500 when ¢ = 15, so that & satisfies the equation
_ 4—dePF
25

Use an iterative formula, based on this equation, to find the value of k correct to 2 significant
fizures. Use an initial value of & = 0.1 and show the result of each iteration to 4 significant

k

figures. [3]

(iii) Determine how much liquid there is in the tank 20 minutes after the liquid started flowing, and

state what happens to the volume of liquid in the tank after a long time. [2]
Example 26

November 2014/31 Question 7

In a certain country the government charges tax on each litre of petrol sold to motorists. The revenue
per year is R million dollars when the rate of tax is x dollars per litre. The variation of R with x is
modelled by the differential equation

dR 1
—=R[--0.57],
dx (x )

where B and x are taken to be continuous variables. When x = 0.5, B = 16.8.
(i) Solve the differential equation and obtain an expression for R in terms of x. [6]

(if) This model predicts that R cannot exceed a certain amount. Find this maximum value of R. [3]
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HOMEWORK DIFFERENTIAL EQUATION VARIANT 32

In a chemical reaction a compound X is formed from a compound ¥. The masses in grams of X and
¥ present at time f seconds after the start of the reaction are x and y respectively. The sum of the

two masses is equal to 100 grams throughout the reaction. At any time, the rate of formation of X is
. . dx
proportional to the mass of ¥ at that time. When r = 0, x = 5 and T 1.9,

(i) Show that x satisfies the differential equation

dx
— =0.02(100 — x). 2
= 0.02(100-x) 2]
(ii) Solve this differential equation, obtaining an expression for x in terms of r. [6]
(iii) State what happens to the value of x as t becomes very large. [1]
Answers: (if} x = 100 — 95exp(-0.021); {iii) x tends to 100. J03/Q7
2 Given that y = 1 when x = 0, solve the differential equation
dy y+1
de 32 7
obtaining an expression for y in terms of x. [6]
J04/Q6

Answer. y =(2e¥ —1}§.

3 (i) Using partial fractions. find

1
_[ Ao [4]

{ii) Given that 3 = 1 when x = 0, solve the differential equation

dyv
— =734 -1}
i (4 -}
obtaining an expression for ¥ in terms of 1. [41
(iif}) State what happens to the value of v if ¥ becomes very large and positive, [1]
05/Q8
Answers: (i) %In ¥ —%In(d =y¥): (i} ¥= ﬁ; (i} The value of y tends to 4. j05/Q
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In a certam mdustrial process, a substance 15 bemng produced in a container. The mass of the substance
i the container ¢ motes after the start of the process 15 ¥ grams. At any e, the rate of formation
of the substance is proportional to its mass. Also, throughout the process, the substance is removed

i ) } dr
from the container at a constant rate of 25 grams per minute, When 1 = 0, x = 1000 and i 73,

(i) Show that x and r satisfy the differential equation

dx
— =0.1{x - 250}, 2
o =01(x-250) 2]
(il) Solve this differential equation, obtaining an expression for x in terms of 7. [5]
Answer: (i) x =250(3 e** +1) J06/Q5

A model for the height, it metras, of a certain rype of tree at time 1 vears after baing plantad assmmes
1
that, while the tree is prowing, the rate of increase in height is proportional to (9 = 71)7. Tt is oiven that,

47
when £=0, h=1 and -1;- =02,
L

(i) Show that /i and ¢ satisfy the differential equation

dfs !

— =0.1(9- 77, 2

01~ )) [
(i} Solve tlus differental equation, and obtain an expression for o terns of 1 [7]

(iif} Find the maxnmum height of the tree and the time taken to reach this height after planting. |2

(iv)y Calculate the time taken to reach half the maxinmm heizht. [1]
1 J07/Q10
Answers: (i) n:Q—[ﬁf—ErJ (i) 9 m, 60vears; (iv) 19.1 5.
r
A
P
|— ll l’-._ x

In the diagram the tangent to a curve at a general point P with coordinates (x, 3) meets the x-axis at 7.
The point V on the x-axis is such that PN is perpendicular to the x-axis. The curve is such that, for all
values of x in the interval 0 < x < %ﬂ.‘, the area of triangle PTV 15 equal to tanx, where x is in radians.
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. ; . PN
(i) Using the fact that the gradient of the curve at Pis ﬁ’ show that

zl—y = %yz cotx. 3]

(ii) Given that y =2 whenx = lJL solve this differential equation to find the equation of the curve,

6
expressing y in terms of x. [6]
Answer (i) y=—— J08/Q8
1-In{Zsin x)

(i) Express in partial {ractions. [4]

10 -x)

(ii} Given thal x = 1 when f = 0, solve the dilferential equation

dy | o E
obtaining an expression for in terms of x. [&]
: 3 09/Q8
Answers: i)+ 30,1 iy o 2219 14 109/Q
x x2 10-x 10-x! =x

The variables x and # are related by the differential equation
dx
2t 2.
e — =cos*x,
dt

where t = 0. When¢f=0, x=0.

(i) Solve the differential equation, obtaining an expression for x in terms of f. [6]

(ii) State what happens to the value of x when f becomes very large. [1]

(iii) Explain why x increases as t increases. [1]
Answers: {i) x=tan[1-1e); (ii) xtendsto tan”'(1). J10/32/Q7

In an experiment to study the spread of a soil disease, an area of 10m? of soil was exposed to
infection. In a simple model, it is asswned thal the infected area grows at a rate which is proportional
to the product of the infected area and the uninfected arca. Initially, 5 m® was infected and the rate of
growth of the infecled area was (.1 m® per day. At time ¢ days after the start of the experiment, an
area am” is infected and an area (10 — ) m® is uninfected.

. dea
(i} Show that Tl 00042010 — a). 2]
(ii) By first expressing -“—ﬂl-—-i in partial fractions, solve this differcntal cquation, abtaining an
[ -1

expression for #in terms of a. ) [5]

{iii} Find the time taken for 90% of the soil arca to become infected, according to this model. (2]
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Answers: (i) t = 25in| %]; (iii) 54.0 days. N02/Q9
L =a )

10 Compressed air is escaping from a container. The pressure of the air in the container at time ¢ is P,
and the constant atmospheric pressure of the air outside the container is A. The rate of decrease of
P is proportional to the square root of the pressure difference (£ — A). Thuos the differential equation
connecting P and t is
dr
Frie k(P -A),
where & is a positive constant.
(i) Find, in any form, the general solution of this differential equation. 3
(ii}) Given that P = 54 when f = 0, and that P = 24 when ¢ = 2, show that & = /AL 41
{lify Find the value of r when P = 4. 12]
(iv) Obtain an expression for P in terms of A and r. [2]
N03/Q9
Answers: (i} 24/(P-A) = -kt +c; (i} 4; (iv) P =L A4 +(4 —t)). A
11 A rectangular reservoir has a horizontal base of area 1000m”. At time ¢ = 0, it is empty and water
begins to flow info it at a constant rate of 30m” 571, At the same time, water begins to flow out at a
rate proportional to 7, where rm is the depth of the warter at time rs, When it =1, % = 0.02,
(1) Show that & satisfies the differential equation
dir
— =0.01{3 - +/#). 3
= =0.01(3- Vi) 3]
It is given that, after making the substitution x = 3 = /i, the equation in part (i) becomes
(v 3% = 0.005x
X—3)g =0 L=
(ii) Using the fact that v = 3 when 7 = 0, solve this differential equation, obtaining an expression for
Fin terms of 1 [5]
(iii) Find the time at which the depth of water reaches 4 m, [2]
Answers: (i)}t = 200 (x— 3 — 3lrx + 3In3): (iif) 259 s. N04/Q10
12

In a certain chemical reaction the amount, x grams, of a substance present is decreasing. The rate of
decrease of x is proportional to the product of x and the time, # seconds, since the start of the reaction.
Thus x and ¢ satisfy the differential equation

dx
yri —kxt,

where & is a positive constant. At the start of the reaction, when # = 0, x = 100.
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(i) Solve this differential equation, obtaining a relation between x, k and 1. [5]

(ii) 20 seconds after the start of the reaction the amount of substance present is 90 grams. Find the

time after the start of the reaction at which the amount of substance present is 50 grams. [3]
Answers: (i) |nxn—%m2 +In100 ; (i) 51.3 5. N05/Q8
13 Given that 1 = 2 when x = 0, solve the differential equation
d'l 1+ 2
VY= ¥,
i |
obtaining an expression for 1 in terms of x. [8]
Answer. y* =5 1. N06/Q4
14 The mumber of insects in a population ¢ davs after the start of observations is denoted by &, The
wvatiation in the number of insects is modelled by a differential equation of the form
dV
FTie N cos(0.025),
where & is a constant and & is takan to be a continuons variable. It is given that N = 125 when f = 0.
(1) Solve the differential equation, obtaimng a relation between &, & and r. [5]
(ii} Given also that N = 166 when r = 30, find the value of & [2]
(i) Obtain an expression for N in terms of £ and find the least value of & predicted by thas model,
(3]
Answers: {i) In/V =5Dksin(D.026)+In125 ; (ii) 0.0100; {iii) N=125exp(0.502sin(D.026)), 75.6. NO7/Q7
15

An underground storage tank is being filled with liquid as shown in the diagram. Initially the tank is
empty. At time # hours after filling begins, the volume of liquid 1s 7 m? and the depth of liquid 1s 7 m.
It is given that ¥ = %hg’ .

The liquid is poured in at a rate of 20m> per hour, but owing to leakage, liquid is lost at a rate

. dh
proportional to #°. When A = 1, i 495,
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(i) Show that /& satisfies the differential equation

di 5 1

TR0 4]
IPRTH 200° 2000
@ Venty hat 15652 = 2 (Mo—my(10+ k) L

(iii) Hence solve the differential equation in part (i), obtaining an expression for # in terms of /2. [5]

10 N08/Q8

Answer: {iii) ¢=100In 0

:::}_zﬁh_

16 The temperature of a quantity of ligquid at time £ is 0. The liquid is cooling in an atmosphere whose
temmpernture s constant and cqual o A, The rae of decrense ol @ 1s proporiional w the temperature
diflference (8 — A). Thus @ and 7 satisly the diflTerential cquation

do
= = ko -4),

where £ is a positive constant.
(i) Findd, in any form, the solution of this differential equation, given that 8 = 44 when =0, [5]
{ii) Given also that 8@ = 34 when ! = 1, show that & = In%, [1]

(iii) Find 0 interms of 4 when 1 = 2, expressing your answer in its simplest form. [3]

Answers: (i) In(6— A) = &t + In 34; (iii) 8= %A. N09/32/Q9

17 A cerinin substance is formed in o chemical reaction. The mass of substance formed 7 seconds after
the start of the reaction is X grams. At any time the rate of formation of the substance is proportional
cy

w (20-x). Whenf=0,x=0and — = 1.
dt

(i} Show that x and 7 satisfy the differential equation

% = 0.05(20 - x). [2]
i} Find, in any form, the solution of this differential equation, [2]
(iii} Find x when ¢ = 10, giving your answer correct to 1 decimal place. [2]
tiv) State what happens 1o the value of X as [ hecomes very large. [
Answers: {ii) Jn(20 — x) =0.05¢—In 20; (i) 7.9; {iv) xapproaches 20. N10/32/Q10
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18 A certain curve is such that its gradient at a point (x, y) is proportional to xy. At the point (1, 2) the
gradient is 4.

(i) By setting up and solving a differential equation, show that the equation of the curve isy = 2681,

(7]
(ii) State the gradient of the curve at the point (-1, 2) and sketch the curve. [2]
Answer. (i) —4. J11/32/Q6

19 The variables x and y satisfy the differential equation

dx

and y = 0 when x = 0. Solve the differential equation, obtaining an expression for y in terms of x. [6]

)

Answer. y = In( — } J12/32/Q5

20
(i) Express ; in the form i + E 4

+—. 4
X(2x+1) X x 2x+1 41
(ii} The variables x and y satisfy the differential equation

y=x(2x+ ])%,

and y = 1 when x = 1. Solve the differential equation and find the exact value of y when x = 2.

Give your value of ¥ in a form not involving logarithms. [71
1
Answers: %—E+L; (i) Iny=1- l+2In e+ 1 , 2—592 J13/32/Q8
X x 2x+1 X 3x 36

21 The population of a country at time f years is NV millions. At any time, IV is assumed to increase at a

dnv
rate proportional to the product of & and (1 — 0.01N). When #=0, N = 20 and @ 0.32.

(i) Treating N and ¢ as continuous variables, show that they satisfy the differential equation

%:U.O?N(I—0.0INJ. [1]
(i) Solve the differential equation, obtaining an expression for ¢ in terms of V. [8]
(iif) Find the time at which the population will be double its value at r = (. [1]
Answer: (i) t = 50 In(4NA100 - M), (iii) ¢ = 49.0 J14/32/Q9
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22 The number of organisms in a population at time ? is denoted by x. Treating x as a continuous variable,

the differential equation satisfied by x and ¢ is

dx xe
dr ~ k+e’

where k is a positive constant.

(i) Given that x = 10 when f = 0, solve the differential equation, obtaining a relation between x, &
and £.

(6]
(ii) Given also that x = 20 when f= 1, show that k=1 - %. [2]
(iii) Show that the number of organisms never reaches 48, however large ¢ becomes. [2]
Answer. (i) Inx—In10=—In(k+e Y +In(k+1) J15/32/Q9
23 The variables x and @ are related by the differential equation
sin29;—i; = (x+ 1) cos28,
where 0 < 8 < %:r. When 6 = %Jr, x = 0. Solve the differential equation, obtaining an expression for
x in terms of 8, and simplifying your answer as far as possible. [71
Answer: x = ./2sin 28 -1 N11/32/Q4

24 The variables x and y are related by the differential equation

dy
— =1-y%.
xch Y

When x = 2, y = 0. Solve the differential equation, obtaining an expression for y in terms of x.  [8]

2._.
Answer- y=X2 4' N12/32/Q6
X“+4
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25

A tank containing water is in the form of a cone with vertex €. The axis is vertical and the semi-
vertical angle is 60°, as shown in the diagram. At time t = 0, the tank is full and the depth of water
is H. At this instant, a tap at C is opened and water begins to flow out. The volume of water in the
tank decreases at a rate proportional to vz, where k is the depth of water at time f. The tank becomes
empty when ¢t = 60.

(i} Show that & and ¢ satisfy a differential equation of the form

dh 3
- _ 2
ir =-Ah N

where A is a positive constant. [4]

(ii) Solve the differential equation given in part (i) and obtain an expression for ¢ in terms of /z and
H. [6]

(iii} Find the time at which the depth reaches %H . [1]

[The volume V of a cone of vertical height /2 and base radius r is given by V = %:r:rzh.]

N N13/32/Q10
Answer. (ii} t—60(1~[H) ) (ili) 494

26 In acertain country the government charges tax on each litre of petrol sold to motorists. The revenue
per year is & million dollars when the rate of tax is x dollars per litre. The variation of R with x is
modelled by the differential equation

dR 1
o =R(;—0.5’?),

where R and x are taken to be continuous variables. Whenx = 0.5, R = 16.8.

(i) Solve the differential equation and obtain an expression for & in terms of x. [6]

(ii) This model predicts that R cannot exceed a certain amount. Find this maximum value of . [3]

ANSwers: () r = 44.7xe 0™, () 28.8 N14/32/Q7

27  The variables x and 8 satisfy the differential equation

dx_ (x +2)sin*20,

dé
and it is given that x = 0 when 8 = 0. Solve the differential equation and calculate the value of x when
0= :1_—7:., eiving your answer correct to 3 significant figures. [9]
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Answer. 0.962 N15/32/Q8
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HOMEWORK: DIFFERENTIAL EQUATION- VARIANTS
31&33

The number of micro-organisms in a population at time ¢ is denoted by M. At any time the variation
in M is assumed to satisfy the differential equation

% = k{yM) cos(0.021),

where & is a constant and M is taken to be a continuous variable. It is given that when ¢ = 0, M = 100.

(i) Solve the differential equation, obtaining a relation betwean M, £ and £. [5]
{ii) Given also that M = 196 when f = 50, find the value of £. 2]
(iii) Obtain an expression for M in terms of # and find the laast possible number of micro-organisms.
[2]
Answers: (i) 24/M =50ksin(0.02)+20 {ii} 0.19 {iii) 276 or 28 33/115/7
Given that y = 1 when x = (, solve the differential equation
d '
2 = 4x(3y’+ 10y +3),
obtaining an expression for y in terms of x. 9]
. 31/]J15/7
Gl
Answer y—L‘u‘]
3 tEN
The variables x and y are related by the differential equation
dy 1.
5 = 907 sin(3).
(i) Find the general solution, giving y in terms of x. [6]
(ii) Given that y = 100 when x = 0, find the value of y when x = 25. [3]
_ o 33/N14/8
Answersi (i) y = | —ixcuslx +isin lx 0 | (i) 203
w10 3 10 3 .
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In a certain country the government charges tax on each litre of petrol sold to motorists. The revenue
per year is & million dollars when the rate of tax is x dollars per litre. The variation of & with x is
modelled by the differential equation

dR 1

- =R(— —0.5’?),

dx x

where R and x are taken to be continuous variables. When x = 0.5, R = 16.8.
(i) Solve the differential equation and obtain an expression for X in terms of x. [6]

(ii) This model predicts that & cannot exceed a certain amount. Find this maximum value of . [3]

Answers: (i) B = 44.7xe’ > (i) 28.8 31/N14/7

The variables x and 8 satisfy the differential equation
dx
2cos’8— = f(2x+ 1),
cos™8 J(2x+ 1)

and x=0when 8 = %:n:. Solve the differential equation and obtain an expression for x in terms of 8.

[7]
Answer. x = 1(lané“+ 1:12 - 1 33/114/5
a 2
The variables x and ¥ are related by the differential equation
dy _ 6ye™
der 24
Given that y = 36 when x = 0, find an expression for y in terms of x. [6]

31/]14/4
Answer y =42+ )2

The variables x and ¢ satisfy the differential equation

A _k-x
dt 22

for # = 0, where £ is a constant. When f=1,x= 1and whenf=4,x= 2.

(i) Solve the differential equation, finding the value of & and obtaining an expression for x in terms

of 1. [?]

(ii) State what happens to the value of x as 7 becomes large. [1]

33/]13/9
Answer. 0.685 ANSWer ——
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8 Liquid is flowing into a small tank which has a leak. Initially the tank is empty and,  minutes later,
the volume of liquid in the tank is ¥ em®. The liquid is flowing into the tank at a constant rate of
80cm?® per minute. Because of the leak, liquid is being lost from the tank at a rate which, at any
instant, is equal to £V cm?® per minute where & is a positive constant.

(i) Write down a differential equation describing this situation and solve it to show that
V= %{80—80&3‘“). [7]
Answer av_ 80 - kV 31/113/10
at
9 The variables x and y are related by the differential equation
dy
(x> +4) F 6xy
It is given that y = 32 when x = 0. Find an expression for y in terms of x. [6]
Answer. y =%'::x2 w4f 33/N12/4
10  The variables x and y are related by the differential equation
dy
= =1—3"
X by
When x = 2, 3= 0. Solve the differential equation, obtaining an expression for y in terms of x.  [8]
o 31/N12/6
Answer. y = X 4 B
: i1

11  Ina certain chemical process a substance A reacts with another substance B. The masses in grams of
A and B present at time f seconds after the start of the process are x and y respectively. Itis given that
d
d—}; = —0.6xy and x = Se ™. When t =0,y =70.

(i) Form a differential equation in y and #. Solve this differential equation and obtain an expression
for y in terms of #. [6]
(ii) The percentage of the initial mass of B remaining at time ¢ is denoted by p. Find the exact value
approached by p as t becomes large. [2]
33/112/5
Answers. (IY ¥ =T:}exp{e“?' =1 (i} %
12 The variables x and y are related by the differential equation
d_}‘ _ ﬁxeﬂ-x
dr 2
It is given that y = 2 when x = {). Solve the differential equation and hence find the value of y when
x = 0.5, giving your answer correct to 2 decimal places. [8]
Answers. (i) ¥ =6xe™-2e™+10 (i) 2.44 31/112/7
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13

During an experiment, the number of organisms present at time t days is denoted by &, where N is
treated as a continuous variable. It is given that

L
d¢

When ¢ = 0, the number of organisms present is 100.
(i) Find an expressicn for & in terms of 1. [6]

(ii) State what happens to the number of organisms present after a long time. 1]

Answer: (i) N = (4030629 - (ii) 1600 33/N11/4

14

The variables x and 8 are related by the differential equation
sin28% = (x+ 1)cos 28,

where 0 < 8 < %rr. When 8 = ﬁn, x = 0. Solve the differential equation, obtaining an expression for

X in terms of 8, and simplifying your answer as far as possible. [71

Answer: X =./2sin 26 —1 31/N11/4

15 In a chemical reaction, a compound X is formed from two compounds ¥ and Z. The masses in
grams of X, ¥ and Z present at time ¢ seconds after the start of the reaction are x, 10— x and 20— x
respectively. At any time the rate of formation of X is proportional to the product of the masses of ¥
and Z present at the time. Whent=0,x=0and ar =2.

(i) Show that x and £ satisfy the differential equation
%:0.01(10—:[](20—):}. [1]
(ii) Solve this differential equation and obtain an expression for x in terms of 1. 9]
(iii) State what happens to the value of x when f becomes large. [1]
RT 33/111/9
Answers: (ii) x=‘ﬁ+z_11]; (iliy xapproaches 10.
16  The number of birds of a certain species in a forested region is recorded over several years. At time

t years, the number of birds is &V, where & is treated as a continuous variable. The variation in the
number of birds is modelled by

dN  N(1800-N)

df - 3600
It is given that N = 300 when = 0.

(i) Find an expression for N in terms of ¢. 9]
(ii) According to the model, how many birds will there be after a long time? [1]
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31/J11/10

i
=i
B
Answers: (1) N=&; (iiy Approaches 1800.
H

5+e2

17

A biologist is investigating the spread of a weed in a particular region. At time f weeks after the
start of the investigation, the area covered by the weed is A m*. The biologist claims that the rate of
increase of A is proportional to +/(2A — 5).

(i) Write down a differential equation representing the biologist’s claim. [1]

(ii) At the start of the investigation, the area covered by the weed was 7 m? and, 10 weeks later, the
area covered was 27 m? . Assuming that the biclogist’s claim is correct, find the area covered

20 weeks after the start of the investigation. &1
Answers: (i) §= K2A—5 ; (i) 63 m”, 33/N10/9
18 A certain substance is formed in a chemical reaction. The mass of substance formed # seconds after
the start of the reaction is x grams. At any time the rate of formation of the substance is proportional
to (20—x). Whenr=0,x=0and 2_,;: =1.
(i) Show that x and ¢ satisfy the differential equation
dx
i 0.05(20— x). [2]
(ii) Find, in any form, the solution of this differential equation. [5]
(iii) Find x when = 10, giving your answer correct to 1 decimal place. [2]
(iv) State what happens to the value of x as f becomes very large. [1]
Answers: (i) 4n(20 - x) = 0.05¢ - In 20; (iii} 7.9; {iv) x approaches 20. 31/N10/10
19  Given that x = 1 when ¢ = 0, selve the differential equation
dr 1 x
d x 4
obtaining an expression for x* in terms of £. [7]
33/]10/4
Answer. X =4 — Bmp(—%t |8 /110/
20  Given that y = 0 when x = 1, sclve the differential equation
dy .2
“I;ya =¥y + 4r
obtaining an expression for y* in terms of x. [6]
Answer y2=4(x" —1). 31/J10/5
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0

A particular solution of the differential equation
dy
32 =437 + 1) cos?
i (v’ + Deos’x
is such that ¥v= 2 when x= 0. The diagram shows a sketch of the graph of this solution for 0 £ x £ 2x;

the graph has stationary points at 4 and 5. Find the y-coordinates of 4 and &, giving each coordinate
correct to 1 decimal place. [10]

Answer: 5.9 481 33/N13/10

22

Naturalists are managing a wildlife reserve to increase the number of plants of a rare species. The
number of plants at time f years is denoted by IV, where N is treated as a continuous variable.

(i) It is given that the rate of increase of N with respect to f is proportional to (N — 150). Write
down a differential equation relating N, f and a constant of proportionality. [1]

(ii) Imitially, when f = 0, the number of plants was 650. It was noted that, at a time when there were
900 plants, the number of plants was increasing at a rate of 60 per year. Express N in terms of 1.

[71
(iii) The naturalists had a target of increasing the number of plants from 650 to 2000 within 15 years.
Will this target be met? [2]
N15/33/Q10
Answers: (1 % = k(N -150) 1y N =500e%%" 1150
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-

Px, y)

- X

o N

The diagram shows a variable point P with coordinates (x, ¥) and the point N which is the foot of the
perpendicular from P to the x-axis. P moves on a curve such that, for all x = 0, the gradient of the
curve is equal in value to the area of the triangle OPN, where O is the origin.

(i) State a differential equation satisfied by x and y. [1]

The point with coordinates (0, 2) lies on the curve.

(ii) Solve the differential equation to obtain the equation of the curve, expressing y in terms of x.

[5]
(iif) Sketch the curve. [1]
dy _ xy 1.2 N16/33/Q5
Answer, —= — = Jad
dx 2 Answer. y =2e
24 The coordinates (X, ¥) of a general point on a curve satisfy the differential equation
dy 2
x—=(2-x%)y.
o ¢ )y
The curve passes through the point (1, 1). Find the equation of the curve, obtaining an expression for
¥ in terms of x. [7]
N18/33/Q5

1 1
Answer. v = x°exp|———x°
y p[ = j

25  The variables x and y satisfy the differential equation
dy 2
x— =y(1-2x7),
it )

and it is given that ¥ = 2 when x = 1. Solve the differential equation and obtain an expression for y in

terms of x in a form not involving logarithms. [6]
Answer: y = 2xalt*’) J16/31/Q4
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26  The variables x and y satisfy the differential equation

d 2y
v —e ¥ tan’x,

forOgx < %ﬂ, and it is given that y = 0 when x = 0. Solve the differential equation and calculate the

value of y when x = %fc. [8]

Answer: %ezy :tanx—x+%; 0.179 J16/33/Q5
(i) Express ; in partial fractions 121
PIess cox+3) P ) ' 2

(ii) The variables x and y satisfy the differential equation
dy
x(2x4+3)— =1y,
( ) =Y

and it is given that y = 1 when x = 1. Solve the differential equation and calculate the value of y

when x = 9, giving your answer correct to 3 significant figures. [7]
Answers: (i) 2 (i) 1.29 J17/31/Q9
3x  3(2x+3)

28  In a certain chemical reaction the amount, X grams, of a substance is decreasing. The differential
equation relating X and ¢, the time in seconds since the reaction started, is

dx
E = —kx-\/f,

where k is a positive constant. It is given that x = 100 at the start of the reaction.

(i) Solve the differential equation, obtaining a relation between X, ¢ and k. [5]
9
(ii) Given that r = 25 when x = 80, find the value of r when x = 40. [3]
Answer: (i) Inx = —gkwhlmoo (if) 64.1 J18/31/Q6
29 . ‘ 1 y . . o)
(i) Express in partial fractions. 121
iy
(ii) The variables x and y satisfy the differential equation
dy 2
x——=4—-vy )
ax y
and y = 1 when x = 1. Solve the differential equation, obtaining an expression for y in terms of x.
[6]
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Answers: (i) [l}{ L + L }(ii) yzm J18/33/Q6
4 Gaxt+1)
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CHAPTER 18: NUMERICAL SOLUTIONS TO EQUATIONS

Example 1
By sketching graphs of y = x* and y = 4 - x, show that the equation xXX4+x-4=0
has a root & between 1 and 2.

Example 2

Show, by calculation, that the equation f{(x) = x° + x — 1 = 0 has a root @ between 0 and 1.

Example 3
a By sketching a suitable pair of graphs, show that the equation cosx = 2x —1 (where x is in radians) has
only one root for 0 < x =< %n.

b Verify by calculation that this root lies between x = 0.8 and x = 0.9,

Example 4
The equation x? + x — 3 = 0 has a negative root, ¢.

a Show that this equation can be rearranged as x = S 1.
X

: : 3 : :
b Use the iterative formula x,,y = — — 1 with a starting value of x; = -2.5
X

(]

to find o correct to 2 decimal places. Give the result of each iteration to
4 decimal places, where appropriate.

Example 5

The equation e* —1 = 2x hasaroot a = 0.

a Show by calculation that this equation also has a root, 3, such that 1< < 2.

b Show that this equation can be rearranged as x = In(2x +1).

¢ Use an iteration process based on the equation in part b, with a suitable starting value, to find f correct to
3 significant figures.

Give the result of each step of the process to 5 significant figures.
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Example 6
November 2014/33 Question 9

(i) Sketch the curve y = In{x + 1) and hence, by sketching a second curve, show that the equation
X +In(x+1)=40

has exactly one real root. State the equation of the second curve. [3]
(ii) Verify by calculation that the root lies between 3 and 4. [2]

(iii} Use the iterative formula
x,., =+(40—In(x_+ 1)),

m+l T

with a suitable starting value, to find the root correct to 3 decimal places. Give the result of each
iteration to 5 decimal places. [3]

(iv) Deduce the root of the equation

(e — 1) +y =40,

giving the answer correct to 2 decimal places. [2]
Example 7
i By sketching a suitable pair of graphs, show that the equation e =14 — x? has exactly
two real roots. 13l
i Show by calculation that the positive root lies between 1.2 and 1.3. I2]
iii Show that this root also satisfies the equation x = % In(14 — x?). )]

iv Use an iteration process based on the equation in part iii, with a suitable starting value,
to find the root correct to 2 decimal places. Give the result of each step of the process
to 4 decimal places. [3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2011

Example 8
June 2014/33 Question 4

The equation x = 1: S A has one positive real root, denoted by .
c —

(i) Show that « lies betweenx =1 and x = 2. [2]
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(if) Show that if a sequence of positive values given by the iterative formula

10
Xpe1 = %ln (1 + x_)

n
converges, then it converges to a. [2]

(iii) Use this iterative formula to determine « correct to 2 decimal places. Give the result of each
iteration to 4 decimal places. [3]

Example 9
June 2013/32 Question 2

The sequence of values given by the iterative formula

B x, (x + 100)

X =
n+l E] ’
A +
2(x, +25)
with initial value x| = 3.5, converges to .

(i) Use this formula to calculate « correct to 4 decimal places, showing the result of each iteration

to 6 decimal places. [3]
(if) State an equation satisfied by « and hence find the exact value of a. [2]
Example 10
June 2013/33 Question 6
_}Z"
A

0 / a

The diagram shows the curves ¥ = ™ and y = 2Inx. When x = g the tangents to the curves are
parallel.

(i) Show that a satisfies the equation a = %{3— Inea). [3]
(if) Verify by calculation that this equation has a root between 1 and 2. [2]

(iif) Use the iterative formula a, , = %{3 —Ina,) to calculate g correct to 2 decimal places, showing
the result of each iteration to 4 decimal places. [3]
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Example 11

l+cosx ¥ (1-cosx Y
a Show that : + - = cot?x+1
2sinx 2sinx 2
= 3 . 1+cosx Y  (1-cosx
b Hence, given that ¢ is a root of the equation , + , = x, show that ¢ is also a root of
2sinx 2 sinx

the equation x = tan™! 2 foro<x<X,
2x— 2

¢ Itis given that « is the only root of the equation x = tan™ / 2 for 0 <x< X Verify by calculation
that the value of & lies between 0.9 and 1.0. 2xi=1 2

d Using an iterative formula based on the equation in part ¢, find the value of & correct to 3 significant figures,

Example 12

; : 3x? : : - .
The equation of a curveis y = — =1 At the point on the curve with positive x-coordinate p,
X

the gradient of the curve is %

. 48p—16
i Showthat P = W . 51
ii  Show by calculation that 2 < p <3, 2]

iii Use an iterative formula based on the equation in part i to find the value of p correct to
4 significant figures. Give the result of each iteration to 6 significant figures. 3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 June 2016

Example 13

The diagram shows the design of a company logo, ABC. A

AB is an arc of a circle with centre C.

The area of the unshaded segment is to be the same as the area of the shaded triangle.

Angle ACB is 6 radians. c e
a Show that 6 = 2 sind.

b Showing all your working, use an iterative formula based on the equation in part a, with B
an initial value of 1.85, to find @ correct to 3 significant figures.

¢ Hence find the length of AB, given that AC is 8cm.
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Example 14
June 2014/31 Question 8

(i) By sketching each of the graphs y = cosecx and y = x{x —x) for 0 < x < &, show that the equation
cosecxX =X(m—X)

has exactly two real roots in the interval 0 < x < . [3]

7 .
1 +x " sinx

[2]

(ii) Show that the equation cosecx = x(x — x) can be written in the form x = -
msinx

(iii) The two real roots of the equation cosecx = x(w — x) in the interval 0 < x < & are denoted by «
and f, where & < f3.

{a) Use the iterative formula

7 .
g I +x, sinx,
ml xsinx,

to find « correct to 2 decimal places. Give the result of each iteration to 4 decimal places.

[3]
{(b) Deduce the value of # correct to 2 decimal places. 1]
Example 15
June 2014/32 Question 6
A
B / \ C
In the diagram, 4 is a point on the circumference of a circle with centre © and radius 7. A circular arc
with centre 4 meets the circumference at B and C. The angle Q4B is equal to x radians. The shaded
region is bounded by 4B, AC' and the circular arc with centre 4 joining B and €. The perimeter of
the shaded region is equal to half the circumference of the circle.
i) Show thatx = cos™' . 3
(i) Show thatx = cos (4+4x) [3]
(if) Verify by calculation that x lies between 1 and 1.5. [2]
(iii) Use the iterative formula
— o) n
Taen TCO5 NG +4x,
to determine the value of x correct to 2 decimal places. Give the result of each iteration to
4 decimal places. [3]
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Example 16
November 2014/31 Question 6

[

It is given that I In(2x)dx =1, wherea = 1.
1

In2
(i) Show thata = %cxp (] + n? )._, where exp(x) denotes &*. [6]

(if) Use the iterative formula
a,,=sexp|l+ In2
n+l T 2 P a:n

to determine the value of a correct to 2 decimal places. Give the result of each iteration to
4 decimal places. [3]
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HOMEWORK: NUMERICAL SOLUTIONS TO EQUATIONS
VARIANT 32

1 The equation of a curve is ¥y = Inx + =, where x = 0.
X

(i} Find the coordinates of the stationary point of the curve and determine whether it is a maximum
or 4 minimum point. [5]

(ii} The sequence of values given by the iterative formula

2
X =
atl 3 _inx
"
with initial value x| = 1, converges to ¢, State an equation satisfied by «, and hence show that o
is the x-coordinate of a point on the curve where y = 3. 121

(iii} Use this iterative formula to find & correct to 2 decimal places, showing the result of each

iteration. [3]
Answers: (i} (2, In 2+ 1), minimum point; (i) o= 3 2| ; (i} 0.56. J03/Q8
=N
2 (i) The equation 1% +x+ 1 = 0 has one real root. Show by calculation that this root lies behveen
—1 and 0. [2]

{ii) Show that. if a sequence of values given by the iterative formula

a3
21.h 1

'y =
LT3 41

comverges, then it converges 1o the root of the equarion gven in part (1). [2]

(i) Usge dus iterative fomnula, with miatal value Xy = =0, 5, to determine the root correet o 2 decunal
Maces, showing the result of each iteration. [3]

Answer. (iii) ~0.68. Jo4/Q7

3 (i) By sketching a suitable pair of graphs, show that the equation

cosecx = %x +1,
where x is in radians, has a root in the interval 0 < x < %ﬂ:. [2]
(ii) Verify, by calculation, that this root lies between 0.5 and 1. [2]

(iii) Show that this root also satisfies the equation

.\':sin_l(._z ) [1]
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(iv) Use the iterative formula

x . =sin} ( ),
n+l x +2
M
with 1nitial value x; = 0.75. to determine this root correct to 2 decimal places. Give the result of
each iteration to 4 decimal places. [3]
Anzwer: (iv) 0.80 J05/Q7

(i} By sketching a suitable pair of graphs. show that the equation

Teoty =1 48",

whera x is in radians. has only one root in the interval 0 < x < %:‘T. [2]
(ii) Verify by calculation that this root lies between 0.5 and 1.0. [2]
(iify Show that tlns root also satisfies the equation
() g
X =tan .
l+egf
{iv) Use the iterative formula
,
. _ -1 =
X, =tan (1 4 )‘
with initial value x = 0.7 to deterimine this root correct to 2 decimal places. Give the resalt of
each iteration to 4 dacimal places. [3]
J06/Q6

Answer. (iv) 0.61.

~0

The diagram shows a sector AOB of a circle with centre O and radius 7. The angle 4OB is o radians,
where 0 < @ < 7. The area of triangle 4AOB is half the area of the sector.

(i) Show that o satisfies the equation

X =2sinx. [2]
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(ii) Verify by calculation that o lies between 17 and %ﬂ.’. [2]

2

(iii) Show that, if a sequence of values given by the iterative formula

1 -
e g(xn +4 sulxn)
converges, then it converges to a root of the equation in part (). [2]
(iv) Use this iterative formula, with initial value x, = 1.8, to find & correct to 2 decimal places. Give
the result of each iteration to 4 decimal places. [3]
] J07/Q6
Answer: (iv) 1.90.
The equation X° — 2x — 2 = 0 has one real root.
(i) Show by calculation that this root lies between X = 1 and x = 2. [21
(i) Prove that, il a scquence of vilucs given by the iterutive lormula
2x +2
Yl =335
i+ A
Jeg -2
canverses, then it converges o this rool. [21

(iii) Use this iterative formula to calculate the root comrect to 2 decimal places. Give the result of each
iteration to 4 decimal places. [3]

Answer. (i) 1.77. J09/Q4
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X M
3a

A B

In the diagram, ABCD is a rectangle with 48 = 3@ and AD = @. A circular arc, with centre 4 and
radius 7, joins points M and N on 4B and CD respectively. The angle MAN is x radians. The
perinieter of the sector AMN is equal to half the perimeter of the rectangle.

(i) Show that x satisfies the equation

sinx =12 +x). [3]

(ii) This equation has only one root in the interval 0 < x < %ﬂ:_ Use the iterative formula

24+x
e | il
X, =5 ( 7 ),

with mitial value x, = 0.8, to determine the root correct to 2 decimal places. Give the result of

each iteration to 4 decimal places. [3]
Answer- {ii) 0.76. J08/Q3
¥
F
1
i K\\__‘__.-‘/fl’r = 1
M

: si . . .
The disgram shows the curve ¥ = = for 0 < x £ 2, and its minimum point M.

(i) Show that the X-coordinate of M satisfies the equation

X=lanx [4]

{ii) The ierative formula

X = lun 1[.T”]l+ T

rl

cun be used o determine the x-coordinate of M. Use tis formula to determine the x-coordinate

of M correct 1o 2 decimal places, Give the result of each ileration o 4 decimal places. [3]
Answer (i) 4.49. J10/Q4
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0-:.'."-] 99 cm| {100 em

The diagram shows a curved rod AB of length 100 cm which forms an arc of a circle. The end points
A and B of the rod are 99 cm apart. The circle has radius rem and the arc AB subtends an angle of
20 radians at O, the centre of the circle, '

{Iy Show that ¢ satisfies the equation %x = sinx. 3]

(if) Given that this equation has exactly one root in the interval 00 < x < %ﬂ‘, verify by calculation
that this root lies between 0.1 and 0.5. {2]

(iif} Show that if the sequence of values given by the iterative formula
X = 50sinx_ - 48.5x
converges, then it converges to a root of the equation in part (i). {2]

{iv) Use this iterative formula, with initial value x, = 0.25, to find & correct to 3 decimal places,
showing the result of each iteration. [21

Answer (iv) 0.245 N02/Q7

10 ) By sketching suitable graphs, show that the equation

secx =3 g

has exactly one rool in the inlerval 0 < x < %J’E. [2]

(i} Show that, if a sequence of values given by the iterative formula

-1 1
X, =cos (_; 1}
=
converges, then it converges 10 o rool of the cquation given in parl (i [2]

{iii} Use this iterative formula, with initial value x| = 1, to determine the root in the interval 0 < x < %Ir

correct Lo 2 decimal places, showing the resull of each iteration. [3]

Answer (i) 1.03. NO03/Q5

203 Compiled by: Salman
Farooq



11

oL : ¥
N

The diagram shows a sector €4 B of a circle with centre & and radins 7. The angle 408 is o radians,

where 0 < o < %fr. The point & on 34 is such that BV is perpendicular to @4, The area of the

triangle ONE is half the area of the sector 045,

{i} Show that & satisfies the equation sin 2y =+ [3]

(ii} By sketching a suitable pair of graphs, show that this equation has exactly one root in the interval

O<x<lin [2]

(i} Use the iterative formula
X o= sulilt'n]a

with initial value x, = 1. to find & correct to 2 decimal places, showing the result of each iteration.

[3]
Answer: (iii) 0.95. N04/Q5
12 The equation A~ = x =3 = 0 has one real root. .
(i} Show that « lies between 1 and 2. [2]
Two iterative formulae derived from this equation are as follows:
X, =% =3, (4)
Ayq = lx, + 3]1 (Z)
Each formula is nised with initial value ¥ =13
(i1} Show that one of these formmlae produces a sequence which fails to converze, and use the other
formula to ealeulate o correet to 2 decnnal places. Give the resull of each tteration to 4 deennal
places. (5]
Answer: (i) 1.67 using formula (B). NO05/Q4
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0 i

The diagram shows the curve y =xcos2x for0 £ x £ %ﬂ.‘_ The point M 1s a maximum point.

(i) Show that the x-coordinate of M satisfies the equation 1 = Zxtan 2x. [3]

R . 171 . .
(ii) The equation in part (i) can be rearranged in the form x = % an” ! (E) Use the iterative formula

1, -1 1
Xy = tan (g),
n

with mitial value x; = 0.4, to calculate the x-coordinate of M correct to 2 decimal places. Give
the result of each iteration to 4 decimal places. [3]

(iif) Use integration by parts to find the exact area of the region enclosed between the curve and the

x-axis from 0 to %J?:_ (5]

Answers: (i) 0.43;  (iii) %(;.':—2]. N06/Q10

14 (i) By sketching a suitable pawr of graphs. show that the equation
2-x=Inx
has only one root. ]

(i) Verify by calenlation that fus root Lies between 1.4 and 1.7, 21

(iii) Show that this root also satisfies the equation

x= %{4 +a—2Inx). [1]

(Iv) Usa the iterative formula

. _1 . .
Xy = 3{4'- +x, —2Inx ),

with initial value ¥ =135 10 determine this root correct to 2 decimal places. Give the result of
each iteration to 4 decimal places. [3]

Answer (iv) 1.56. NO07/Q6
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1
15 The constant « is such that I vel dv= 6.

0

(i} Show that o satisfies the equation

_1

r=24¢e 2:_ [5]
(ily By sketching a suitable pair of graphs, show that this equation has only one root. [z
(iii} Verify by calculation that this root lies between 2 and 2.5. [2]

(iv) Use an iterative formula based on the equation in part (i) to calenlate the value of a correct to

2 decimal places. Give the result of cach iteration to 4 decimal places, [3]
Answer (iv) 2.31. NO08/Q9
16 The cquation 2 — 8x — 13 = 0 has one real root,
(i} Find the two consecutive inlegers between which this root lics, [2]
(i) Use the iterative formula
X, = (8 + I3]-31
to determine this root correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. [3]
Answers: (i 3, 4; (i) 3.43. N09/32/Q2
17 (i) By sketching suitable graphs, show that the equation
4x? — 1 = cotx
has only one root in the interval 0 < x < %ﬂ:. [2]
(ii) Verify by calculation that this root lies between 0.6 and 1. [2]

(iii) Use the iterative formula
1
X, = V(1 +cotx,)

to determine the root correct to 2 decimal places. Give the result of each iteration to 4 decimal

places. [3]
Answer (i) 0.73. N10/32/Q4
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A 0 B T

The diagram shows a semicircle ACB with centre O and radius r. The tangent at C meets AB produced
at T. The angle BOC is x radians. The area of the shaded region is equal to the area of the semicircle.

(i) Show that x satisfies the equation

tanx = x + m. 3]

(ii) Use the iterative formula x| = tan™! (x, + x) to determine x correct to 2 decimal places. Give
the result of each iteration to 4 decimal places. [3]

Answer. (ii) 1.35. J11/32/Q4

19 C

o

A B

In the diagram, ABC is a triangle in which angle ABC is a right angle and BC = a. A circular arc,
with centre C and radius a, joins B and the point M on AC. The angle ACB is 0 radians. The area of
the sector CM B is equal to one third of the area of the triangle ABC.

(i) Show that 8 satisfies the equation

tan 6 = 36. [2]

(ii) This equation has one root in the interval 0 < 8 < %Jr. Use the iterative formula

8,,, =tan"'(36,)
to determine the root correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. [3]
J12/32/Q2

Answer: (i) 1.32
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20 The sequence of values given by the iterative formula

N _ x,(x, + 100)
T2 +25) T

with initial value x, = 3.5, converges to a.

(i) Use this formula to calculate « correct to 4 decimal places, showing the result of each iteration

to 6 decimal places. [3]
(ii) State an equation satisfied by « and hence find the exact value of a. [2]
Answers: (i) 3.6840; (ii) 350 J13/32/Q2

21 A

In the diagram, A is a point on the circumference of a circle with centre @ and radius . A circular arc
with centre 4 meets the circumference at & and C. The angle OAB is equal to x radians. The shaded
region is bounded by AB, AC and the circular arc with centre A4 joining 8 and C. The perimeter of
the shaded region is equal to half the circumference of the circle.

(i) Show thatx = cos™ ( ] (3]

4+ 4x
(ii) Verify by calculation that x lies between 1 and 1.5. [2]

(iii) Use the iterative formula

— —1 7
ey = COS (4 +4xn)

to determine the value of x correct to 2 decimal places. Give the result of each iteration to

4 decimal places. [3]
Answer. (iii) 1.21 J14/32/Q6
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The diagram shows a circle with centre (J and radius r. The tangents to the circle at the points A and
B meet at T, and the angle AOB is 2x radians. The shaded region is bounded by the tangents AT and
BT, and by the minor arc AB. The perimeter of the shaded region is equal to the circumference of the
circle.

(i) Show that x satisfies the equation

tanx = & — x. [3]

(ii)y This equation has one root in the interval 0 < x < %:nc- Verify by calculation that this root lies
between 1 and 1.3. [2]

(iii) Use the iterative formula

X1 = tan”’ (7 —x,)
to determine the root correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. [31
Answer. 1.11 J15/32/Q5

23

(i) By sketching a suitable pair of graphs, show that the equation

2

—3_1
secx =3 2%
where x is in radians, has a root in the interval 0 < x < %:r. [2]
(i) Verify by calculation that this root lies between 1 and 1.4. [2]
(iii) Show that this root also satisfies the equation
st 25) |
X = COS .
6—x* 1]

(iv) Use an iterative formula based on the equation in part (iii) to determine the root correct to

2 decimal places. Give the result of each iteration to 4 decimal places. [3]
Answer: {iv) 1.13 N11/32/Q5
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-
-

M

(0]

L . . .
The diagram shows the curve y = ¢ 2’YZ\/(] +2x?) for x 2 0, and its maximum point M.
(i) Find the exact value of the x-coordinate of M. [4]

(ii) The sequence of values given by the iterative formula

X, = (In(4 + 8x2)),

with initial value x; = 2, converges to a certain value a. State an equation satisfied by o and
hence show that & is the x-coordinate of a point on the curve where y = 0.5. [3]

(iii) Use the iterative formula to determine « correct to 2 decimal places. Give the result of each

iteration to 4 decimal places. [3]
N12/32/Q8
Answers: (i) 1. {ii) a=ﬁ(ln(4+8a2)); (iii) o = 1.86. /32/Q

ok
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In the diagram, A is a point on the circumference of a circle with centre ) and radius r. A circular arc
with centre A meets the circumference at B and C. The angle OAB is 8 radians. The shaded region
is bounded by the circumference of the circle and the arc with centre A joining B and C. The area of
the shaded region is equal to half the area of the circle.

2s5in20—=

46 Sl

(i) Show that cos28 =

(ii) Use the iterative formula

2sin26_ —
8.r'|+1 :%CDS_I (%).

f

with initial value 81 = 1, to determine 8 correct to 2 decimal places, showing the result of each
iteration to 4 decimal places. 3]

Answer. (i) 0.95 N13/32/Q6

[+
It is given that J In(2x)dx= 1, where @ > 1.
1

(i) Show thata= %exp (1 + %), where exp(x) denotes e*. [6]

(ii) Use the iterative formula

I In2
@, =qyexp|l+ -

n

to determine the value of @ correct to 2 decimal places. Give the result of each iteration to

4 decimal places. [3]
Answer: (n) 1.94 N14/32/Q6
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27 The equation x*> — x> — 6 = 0 has one real root, denoted by a.

(i) Find by calculation the pair of consecutive integers between which « lies. [2]
(i1) Show that, if a sequence of values given by the iterative formula
Xy = \/ (.r o8 )

vl — n ™t

xﬂ
converges, then it converges to a. [2]
(iti) Use this iterative formula to determine « correct to 3 decimal places. Give the result of each
iteration to 5 decimal places. [3]
Answers: (1) 2, 3; i) 2.219 N15/32/Q4
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HOMEWORK: NUMERICAL SOLUTIONS TO EQUATIONS —
VARIANTS 31 & 33

It is given that J xcosxdr=05, where 0 < a < %rx.

)
. . .. 1.5-cosa
(i) Show that ¢ satisfies the equation sina = — 4]
(ii) Verify by calculation that a is greater than 1. 2]

{(iii) Use the iterative formula

15— cosan)

I

— sin-t
ad':r+1 = 5In (
i

to determine the value of a correct to 4 decimal places, giving the result of each iteration to

6 decimal places. 3]
Answers: (iii) 1.2461 33/]15/6
¥
A
o -
P

The diagram shows part of the curve with parametric equations

xr=2In({r+2), v=£42f+3.

(i) Find the gradient of the curve at the origin. [5]

{ii} At the point P on the curve, the value of the parameter is p. It is given that the gradient of the
curve at P is %

1

a) Show thatp= ———— — 2.
@ P=371

[1]
(I} By firstusing aniterative formula based on the equation in part (a}, determine the coordinates
of the point P. Give the result of each iteration to 5 decimal places and each coordinate of
P correct to 2 decimal places. [4]
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5 31/]15/10
Answer: (i) < (i)(b) (-5.15, 7.97)

(i) Sketch the curve ¥ = In{x + 1) and hence, by sketching a second curve, show that the equation
4+ In{x+ 1) =40

has exactly one real root. State the equation of the second curve. 3]
¢ii) Verify by calculation that the root lies between 3 and 4. [2]

{iii) Use the iterative formula
X = 4/ (40— Infx, + 1)),

H

with a suitable starting value, to find the root correct to 3 decimal places. Give the resnlt of each
iteration to 5 decimal places. 3]

(iv) Deduce the root of the equation

(e” — 1)° +y =40,

giving the answer correct to 2 decimal places. 2]
Answers: (i) y = 40— x® , (iil) 3.377, (iv) 1.48 33/N14/9
a
It is given that J In{?x)dx= 1, where z > 1.
1
. 1 In2
(i) Show thata=;exp|1l+ — ), where exp{x) denofes et [6]
a

{ii} Use the iterative formula
a,., =rexp|l+ In2
nel = 3 °KP a,

to determine the value of @ correct to 2 decimal places. Give the result of each iteration to
4 decimal places. [3]

Answer: (ii) 1.94 31/N14/6
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. 10 .
The equation x = —_—— has one positive real root, denoted by e.
e’ —1

(i} Show that e lies batweenx=1andx=2. [2]

(ii) Show that if a sequence of positive values given by the iterative formula

10
Xy = %ln(l + x_)

by

converges, then it converges to . [2]

(iif) Use this iterative formula to determine o correct to 2 decimal places. Give the result of each
iteration to 4 decimal places. 3]

33/]14/4
Answer. (i) 1.14 /114/

(i) By sketching each of the graphs v= cosecx and 3= x{z— x} for 0 < x < &, show that the equation
cosecx = Xx{x —X)

has exactly two real roots in the interval 0 < x < a. 3]

. . . 1+x° sinx
(ii) Show that the equation cosecx = x{x — x) can be written in the formx= ————. 2]

zsinx

(iii) The two real roots of the equation cosecx = x{rx —x) in the interval 0 < x < & are denoted by «
and B, where o < f3.

{a) Use the iterative formula

_ 1 —H:ZH sinx,,

el T B
I smx”

to find o correct to 2 decimal places. Give the result of each iteration to 4 decimal places.

[3]
{1y} Deduce the value of § correct to 2 decimal places. [1]
Answers: (iii) 0.66 (iv) 2.48. 31/114/8
L Pl . L
It is given that J dxe ¥ dx =9, where p is a positive constant.
0
gp+ 16
(i) Show thatp= 21[1( L 5 ) [5]

(ii) Use an iterative process based on the equation in part {i) to find the value of p correct to
3 significant figures. Use a starting value of 3.5 and give the result of each iteration to 3 significant
figures. [3]

. 33/N13/5
Anawer: (i) 3.77
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The diagram shows the curves v = e and y = 2Inx. When x = & the tangents to the curves are
parallel.

{i} Show that o satisfies the equation @ = %{3 —Ina). [3]

{ii) Verfy by calculation that this equation has a root between 1 and 2. [2]

(iii) Use the iterative formula a,,, = %(3 —Ina,) to calculate a correct to 2 decimal places, showing
the result of each iteration to 4 decimal places. [3]

Answer. 1.35 33/]13/6

Liquid is flowing into a small tank which has a leak. Initially the tank is empty and, £ minutes later,
the volume of liquid in the tank is ¥em>. The liquid is flowing into the tank at a constant rate of
80cm? per minute. Because of the leak, liquid is being lost from the tank at a rate which, at any
instant, is equal to £¥ cm?® per minute where % is a positive constant.

(i} Write down a differential equation describing this sitnation and solve it to show that

V= %(30 — 80e). [7]

(ii) Itis observed that ¥ = 500 when ¢ = 15, so that & satisfies the equation
4— g%
T 25

Use an iterative formula, based on this equation, to find the value of & correct to 2 significant
figures. Use an initial value of &= 0.1 and show the result of each iteration to 4 significant

k

figures. [31

(iii) Determine how much liguid there is in the tank 20 minutes after the liquid started flowing, and
state what happens to the volume of liquid in the tank after a long time. [2]
31/113/10

Answer 0.14 Answer 530to 540, 567 to 571
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ot

The diagram shows the curve y=x* + 2x* + 2x* — 4x— 16, which crosses the x-axis at the points (¢, 0)
and {fi, 0) where a < fi. It is given that a is an integer.

(i) Find the value of e. 2]
(i) Show that § satisfies the equation x = ¥(B— 2x). [31
(iii) Useaniteration process based on the equation in part (ii) to find the value of § correct to 2 decimal
places. Show the result of each iteration to 4 decimal places. 3]
; - 33/N12/6
Answers: (1) =2; (iil) 1.67.
11 ¥
&
M
X
0

The diagram shows the curve y= e_%xle[l +2x?%) for x 2 0, and its maximum point M.
{i) Find the exact value of the x-coordinate of A4, [41]

(ii) The sequence of values given by the iterative formula
X1 = 4/(In(4 +8x2)),

with initial value x, = 2, converges to a certain value «. State an equation satisfied by o and
hence show that & is the x-coordinate of a point on the curve where y = 0.5. [3]

(iii) Use the iterative formula to determine o correct to 2 decimal places. Give the result of each

iteration to 4 decimal places. [3]
o1 . z 31/N12/8
Answers: (i) E; (i} o=./(In{4+8x=7); (iil} o =1.86.
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-

The diagram shows part of the curve y = cos(+/x) for x = 0, where x is in radians. The shaded region

between the curve, the axes and the line x = p?, where p > 0, is dencted by R. The area of R is equal
to 1.

3—-2cosp

o (61

P‘Z
(i) Use the substitution x = «” to find J cos(+/x) dx. Hence show that sinp =
o

3—-2cosp,

2Py
p correct to 2 decimal places. Give the result of each iteration to 4 decimal places. [3]

(ii) Use the iterative formula p, , = sin™’ ( ), with initial value p, = 1, to find the value of

Answer. (ii) 1.25 33/112/7

13 (i) Itis given that 2tan2x + 5tan’x= 0. Denoting tanx by £, form an equation in f and hence show
that either t = 0 or £ = ¥(z + 0.8). [4]

(ii) It is given that there is exactly one real value of r satisfying the equation # = ¥(# + 0.8). Verify
by calculation that this value lies between 1.2 and 1.3. [2]

(i) Use the iterative formula ¢,,, = ¥(f, + 0.8) to find the value of  correct to 3 decimal places. Give
the result of each iteration to 5 decimal places. [3]

(iv) Using the values of r found in previous parts of the quastion, solve the equation

2tan2x + Stan’x =0

for—-r<x<m. [3]
Answers, (i) 1.276 (iv) - =m, —-2.24,0, 0906, = 31/]112/10
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14 (i) By sketching a suitable pair of graphs, show that the equation

secx=3— %.xl,
where x is in radians, has a root in the inferval 0 < x < %:r. [2]
(ii) Verify by calculation that this root lies between 1 and 1.4, [2]

(iii) Show that this root also satisfies the equation

2

-1

x=cos |——=]|. 1

(5==) L1]

{iv) Use an iterative formula based on the equation in part (iii) to determine the root correct to
2 decimal places. Give the result of each iteration to 4 decimal places. [3]

Answer. (iv) 1.13 31/N11/5

15 (i) By sketching a suitable pair of graphs, show that the equation
cotx=1+x2

where x Is in radians, has only one root in the interval 0 < x < %:r. [2]
{(if) Verify by calculation that this root lies between (.5 and 0.8. [2]

(iii) Use the iterative formula

Tl = tan~! (] —1—;[:31)
to determine this root correct to 2 decimal places. Give the result of each iteration ta 4 decimal
places. [3]
Answer: (iii) 0.62. 33/111/6
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16

The diagram shows a circle with centre € and radins 10cm. The chord AR divides the eircle into two

regions whose areas are in the ratio 1 : 4 and it is required to find the length of AB. The angls AQB
is 8 radians.

(i) Show that 8 = %:r +sind. [3]

(ii) Showing all your working, use an iterative formula, based on the equation in part (i), with
an initial value of 2.1, to find 8 correct to 2 decimal places. Hence find the length of AE in

centimetres correct to 1 decimal place. [5]
Answers: (i) 2.11, 17.4 31/111/6
17 * Inx
(i) Given that j = dx= 3, show that 2 = 3(1 + Ina). [5]
1

(i) Use an iteration formula based on the equation @ = 3(1 + Ina) to find the value of a correct to

2 decimal places. Use an initial value of 4 and give the result of each iteration to 4 decimal
places. [3]

Answer. (i) 3.96. 33/N10/7

18 (i) By sketching suitable graphs, show that the equation

4x% — 1 =cotx

has only one root in the interval 0 < x < %:r. [2]
(ii) Verify by calculation that this root lies between 0.6 and 1. [2]
(iii) Use the iterative formula

x,,, =3v¥{1+cotx)

to determine the root correct to 2 decimal places. Give the result of each iteration to 4 decimal

places. [3]
Answer. (iii) 0.73. 31/N10/4
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19 The curve y = xln_x has one stationary point.

+1

(i) Show that the x-coordinate of this point satisfies the equation

_x+l

Inx’

and that this x-coordinate lies between 3 and 4. [5]

(ii) Use the iterative formula
x,+1

X =
a+1
Inx,

to determine the x-coordinate correct to 2 decimal places. Give the result of each iteration to
4 decimal places. [3]

Answer: (i) 3.59. 33/]10/6

20 C

x rad
A ) B

The diagram shows a semicircle ACE with centre ¢ and radius . The angle BOC is x radians. The
area of the shaded segment is a quarter of the area of the semicircle.

(i) Show that x satisfies the equation
x=3r—sinx 3]

(ii) This equation has one root. Verify by calculation that the root lies baetween 1.3 and 1.5. [2]

(iii) Use the iterative formula
— & f— i
X, =37%—sinx,

to determine the root correct to 2 decimal places. Give the result of each iteration to 4 decimal

places. [3]

Answer: (iii) 1.38. 31/]10/6

21 A curve has parametric equations
x=r+3t+1, y=t"+1.
The point P on the curve has parameter p. It is given that the gradient of the curve at P is 4.
(i) Show thatp =3 (2p+3). [3]
(ii) Verify by calculation that the value of p lies between 1.8 and 2.0. [2]

iii) Use an iterative formula based on the equation in part (i) to find the value of p correct to 2 decimal
q p
places. Give the result of each iteration to 4 decimal places. [3]
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Answer: (i) 1.89 N15/33/Q4

22 (i) By sketching a suitable pair of graphs, show that the equation x*> = 3 — x has exactly one real

[2]

root.

(ii) Show that if a sequence of real values given by the iterative formula

233 +3
Xpo1 = =5 ——
3k + 1
converges, then it converges to the root of the equation in part (i). [2]

(ifi) Use this iterative formula to determine the root correct to 3 decimal places. Give the result of

each iteration to 5 decimal places. [3]
Answer. (iii) 1.213 N18/33/Q3
23 (i) By sketching a suitable pair of graphs, show that the equation
Se™ = 4fx
has one root. [2]
(ii) Show that, if a sequence of values given by the iterative formula
N I (25)
= =In| —
1
n+ 2 xﬂ
converges, then it converges to the root of the equation in part (i). [2]

(iii) Use this iterative formula, with initial value X, = 1, to calculate the root correct to 2 decimal
places. Give the result of each iteration to 4 decimal places. [3]

Answer. (iii) 1.43 J16/31/Q6

24  The curve with equation y = x” cos %x has a stationary point atx = p in the interval 0 < x < 7.

. : 4
(i) Show that p satisfies the equation tan %p = I_? [3]
(if) Verify by calculation that p lies between 2 and 2.5. [2]

(iii) Use the iterative formula Pt = 2 tan™! (—) to determine the value of p correct to 2 decimal

n
places. Give the result of each iteration to 4 decimal places. [3]
Answer: (iii) 2.15 J16/33/Q6
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25 P

xrad

0

The diagram shows a semicircle with centre @, radius r and diameter AB. The point P on its
circumference is such that the area of the minor segment on AP is equal to half the area of the minor
segment on BP. The angle AOP is x radians.

(i) Show that x satisfies the equation x = %(fc + sinXx). [3]

(ii) Verify by calculation that x lies between 1 and 1.5. [2]

(iii) Use an iterative formula based on the equation in part (i) to determine X correct to 3 decimal
places. Give the result of each iteration to 5 decimal places. [3]

Answer. (iii) 1.374 J17/31/Q5

26 The equation cotx = 1 — x has one root in the interval 0 < x < x, denoted by a.

(1) Show by calculation that « is greater than 2.5. [2]

(ii) Show that, if a sequence of values in the interval 0 < x < & given by the iterative formula
1

=7+ tan™! (—) converges, then it converges to . [2]

x
1 -X,

n+1

(iii) Use this iterative formula to determine o correct to 3 decimal places. Give the result of each

iteration to 5 decimal places. [3]
Answer. o = 2.576 J17/33/Q6
27 .. ) a 1
The positive constant @ is such that L xe 2¥dx = 2.
(i) Show that a satisfies the equation @ = 2 1n(a + 2). [5]
(ii) Verify by calculation that & lies between 3 and 3.5. [2]

(iif) Use an iteration based on the equation in part (i) to determine & correct to 2 decimal places. Give

the result of each iteration to 4 decimal places. [3]
Answer. (iii} 3.36 J18/31/Q8
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28 . . Inx . .
The curve with equationy = T has a stationary point at X = p.
+Xx

. . 3
(i) Show that p satisfies the equation Inx =1 + < [31]
(ii) By sketching suitable graphs, show that the equation in part (i) has only one root. [2]

(ifi) It is given that the equation in part (i) can be written in the form x = Use an iterative

Inx
formula based on this rearrangement to determine the value of p correct to 2 decimal places.
Give the result of each iteration to 4 decimal places. [3]
Answer: (iii} 4.97 J18/33/Q4
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CHAPTER 19: COMPLEX NUMBERS

Example 1

Write the following numbers in their simplest form.
a J-9 b V-5 c J-18

Example 2
Solve the equation in each case.

a) x*>=-25 b) 4x>+484=0 ) X*+20=0

Example 3
Solve the equation 5z% + 14z +13 = 0.

Example 4
Solve the equation 2z -z + 3 = 0.

Example 5
Simplify:
a) 1’ b) it c) d) (-i)° e) (21).

Example 6
Without using a calculator, find:

o1+ 161 7

a (3 + (3i) b —8i+ (—4i) v
1

Example 7
The complex numbers z, and z, are given by z, = 5 + 2iand z, = 3 + 4i.

. prid
Findz +z,z -z,z 2z and =.
1 2 1 2 12 zz

Example 8

. Express in the form x + iy, where x and y are real.

a) b) - o 2= d) — ) ——+
1—i 3+5i 1+2i a+ib 4+3i  4-3i
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Example 9

Cx+y)+i(y-5)=0

Find the value of x and the value of y.
Example 10

a) Find the value of the real number p such that p + (2 — 3i)(1 + 5i) is an imaginary number.
b) Find the values of the real numbers x and y such that 4(x + iy ) = -2y - 3ix — 5(3 + 2i).

Example 11
Example 18.7 If 2 + 3i is a root of a quadratic equation, find

(i) the other roof,
(ii) the quadratic equation.

Example 12
Example 18.8 If 1 and 1 + 7 are roots of a cubic equation, find

(i) the other root,
(it) the cubic equation.

Example 13
Example 18.9 (i) Verify that z = —1 + i is a root of the polynomial
z* + 22?2 + 4z + 8 = 0 and write a second complex root of the equation.

(it) Find the two other roots of the equation.

Example 14

Example 18.10 Solve the simultaneous equations
U+ V=1 .eeun (1) u+iv=3..... (2)
giving your answer in the form a + bi.
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Example 15

The complex number 3 + 2i is a root of the quadratic equation 2> — (5 + 2i)z + a + bi = 0,

where a and b are real.
a) Find the values of g and b.

b) Explain why the two roots are not complex conjugates of each other.

Example 16

Find the square roots of the complex As with any other number we expect to get two square roots

number 7 — 24i.

Example 17

of any complex number.

Given that 2 +i is a root of the equation z° — z> — 7z + 15 = 0, find the other two roots.

Representing Complex Numbers Geometrically

Any complex number z = x + iy can be represented by using a
two-dimensional set of coordinate axes where the horizontal axis is
used as the ‘real axis’ (Re) and the vertical axis is used as the

‘imaginary axis’ (Im).

So, for example, the complex number 3 + 2i is represented by the

point (3, 2), as shown in the diagram.

Such a diagram is called an Argand diagram and is named

after the Swiss mathematician Jean-Robert Argand
(1768-1822).

It follows that the point representing z* = x - iy
is the reflection in the real axis of the point
representing z = x + iy.

Im &

14

The position of the point representing z*, the complex

the point representing z in the real axis.

conjugate of z, on the Argand diagram is found by reflecting

Farooq

_2_
34
_4 r_
Irm A
Z=x+iy
X
Re
¢=x-ly
X
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Geometrical Interpretation of operations on complex numbers

We will now consider how to represent the addition and subtraction of  Im4
two complex numbers on an Argand diagram. To do this, it is helpful Z7=x+y
to consider the complex number z = x + iy as a point in the Argand

X
X
diagram with position vector | |. (y ) >
Y 0 Re

Ifz =a+iband z, = c +id, then
z, +z,= (a+ib) + (c +id) ImA
=(a+c) +i(b +d)

Z

+22={a+c)+[(b-

The point representing z, + z, can be constructed by adding the
vectors representing z, and z; that is, the point representing
z, + z, can be found by drawing the diagonal of the parallelogram

formed by the vectors representing z, and z,. This is illustrated on

the diagram.
Similarly,
z,-z,=(a-c)+ilb-d) pry
ctid
The point representing z, - z, can be constructed by adding the =~ \Z}__ﬁ
vectors representing z, and -z,, then drawing the vector representing 5//}* atib
z, - z, from the origin. / = R
Of == 2 Re
We will look at how we can represent the multiplication and division 7 sy i)
1 2
of complex numbers geometrically later in the chapter. However,
at this point, it is worth considering what happens when we |
multiply a complex number by i. " sy
I EEE x

If z = x + iy, then iz = i(x + iy) = ix - y and so the point (x, y) S 20
representing z is mapped onto the point (-y, x). The diagram ?\\( /’ i
shows that this is equivalent to a rotation of 90° anticlockwise : L
about the origin. o 9 % .Re

Multiplying a complex number z by the imaginary number i is

geometrically equivalent to rotating the point representing z by 90°

anticlockwise about the origin.
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Modulus and Argument of a complex number

The modulus of a complex number x + iy is the magnitude

of the position vector

Therefore, the modulus of x + iy is defined to be /x* + .
Notation: The modulus of z = x + iy is]z|.

Also note that the plural of modulus is moduli.

. L. e x
The argument of a complex number x + iy is the direction of the position vector ( p }

More precisely, it is the angle made between the positive real axis and the position

vector. The principal argument, 8, of a complex number is an angle such that —n < 8 < m.
Sometimes it might be more convenient to give @ as an angle such that 0 <6 <2m. Usually,
the argument is given in radians.

Notation: The argument of z = x +1y isargz.

We can use trigonometry to find the argument. For example, when 0 is acute, tan 8 = {—
A diagram must be drawn first to check the position of the complex number. J
Example 18
Find the modulus and argument of each of the following complex numbers.
a 5+12 b -3+41 ¢ 12-51 d -4-3i

Polar Form

Using trigonometry, we can now write a complex number in modulus-argument form.

x . X
cos@ = = and sinf = —.
r ¥

Therefore, x = r cos @ and y = r sin 0.
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Example 19
u=6-31and w=-7+51

Write each of # and w in modulus-argument form.

Example 20
a) The complex numbers z, and z, are defined byz, =1 +iand z, = -2 — 4i.

Find the modulus and argument of z and z..
b) The complex numbers z, and z, are defined by z, = (5, %) and Z,= ( ) 5?”)

Write z, and z, in the form x + iy, where x and y are real numbers.

Exponential Form

A complex number written in the form re*®, where r is the modulus and

@ is the argument, is said to be in exponential form.

This 1s the basis for another representation, called the exponential form.
z = r{cos @ + isin 6)

Z =Fc

where r is|z|and 8 is argz.

The coordinates (r, 8), where r is | z |and 8 is argz, are called the polar coordinates.

When a complex number is written as z = re'?, where r is| z| and 6 is argz, we say it is in
exponential form.

The modulus-argument and exponential forms of a complex number are polar forms.
A polar form uses polar coordinates; a Cartesian form uses Cartesian coordinates.

Example 21
in
1=1+1 z; = 5e3 23=2(cos%+isin%)
a Write z; in b Write z; in ¢ Write z3 in
* modulus-argument form * modulus-argument form * exponential form
* exponential form. » Cartesian form. « Cartesian form.
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Ifz =(r,8)and z = (r, 8),thenz z = (r, 1, 8, + 6,).

If z = (r, 0), then z" = (r*, n6).

Z
Ifz,=(r, 6) and z, = (r, 0), then = = (”-l, 0, - 92).

2 T2

Example 22
The complex numbers z and w are defined by z=2 + 2iand w=-1 + NER?

Find the modulus and argument of
a) 2 b) 7 c) 22w d ¥

Loci of Complex Numbers

Case 1 lz— z1l = r, Where z, is a known complex number and r is real

If |z — z1| = r, then z lies on a circle, centre Z, radius r.

We can also see that if |z - zll < r, then z lies anywhere inside a circle, centre Zs radius r;

and if |z - zi| > r, then z lies anywhere outside a circle, centre Z, radius r.

Example 23
On separate Argand diagrams, sketch these loci,

a |z-(2+4i) =3 b |z-3i|<4 ¢ |z+35]<=5

Example 24
a) Sketch an Argand diagram and show all the points which represent the complex numbers z

that satisfy the equation |z — 1 +i| = 2.
b) The points in an Argand diagram representing 2 + 5i and —6 + i are the ends of a diameter of a
circle. Find the equation of the circle, giving your answer in the form |z - (a + bi)| = k.

Example 25

Sketch an Argand diagram and shade the region whose points represent the complex numbers z
which satisfy both the inequality |z — (2 + 3i)| < 2 and the inequality |z — 4| > 3.
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Case 2 Iz—z|=Iz-z] where z and z, are known complex numbers

Iflz-z|=|z-z,
the line joining z, to z,.

, then z lies on the perpendicular bisector of

We can also see thatif [z-z | < |z - 2,
one side of the perpendicular bisector of the line joining z, to z, such that
the distance from z to z, is less than the distance from z to z,.

, then z lies anywhere in the region on

® |z-z|<|z- 2] isall points such that P is nearer to O than to R. The
perpendicular bisector marks the boundary of this region but is not included.

® |z-z|=|z- 2] isall points such that P is nearer to Q than to R or equidistant
from @ and R. The perpendicular bisector marks the boundary of this region and
is included.

Example 26
On an Argand diagram, sketch the locus |z — 4 + 1| =|z + 5.

Find the Cartesian equation of this locus.

Example 27
a) Sketch on an Argand diagram the loci given by |z - (1 + 2i)| =5 and |z- 5 +1i| = |z + 3 — 5i|.
b) Show that these loci intersect at the point -2 — 2i.
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Case 3 arg(z— z) = 6 where z, is a known complex number
and @is an angle, measured in radians

If arg(z — z,) = 6, then the locus of z is a half-line, starting at z , at
an angle @ with the positive real axis.

Example 28
On a single Argand diagram, sketch the loci |z| = 4 and arg(z + 2 + 3i) = —}

Show that there is only one complex number, z, that satisfies both loci.

Label this point as P on your diagram.

Example 29

a) Sketch on an Argand diagram the locus of the complex number z where z satisfies the

equation arg(z + 2 - i) = 2??:

b) On the same diagram, shade the region whose points represent the complex number z

which satisfies % <arg(z+2-i) < %r

Example 30

a) On a sketch of an Argand diagram, shade the region whose points represent the complex
numbers z which satisfy the inequality |z + 4 — 43 i| <4.

b) i) Find the least value of |z in this region.

ii) Find the greatest value of arg z in this region.

----------------------------------------------------------------------------------------------------------

Example 31

i Without using a calculator, solve the equation
3w+ 2iw* = 17 + 8y,
where w* denotes the complex conjugate of w. Give your answer in the form a + bi.
ii Inan Argand diagram, the loci

arg(z—2i):é7t and |z - 3| =|z - 3i|

intersect at the point P. Express the complex number represented by P in the form rel?, giving
the exact value of @ and the value of » correct to 3 significant figures.

[4]

151

Cambridge International A Level Mathematics 9709 Paper 31 O7 June 2013
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Example 32

Throughout this question the use of a calculator is not permitted.
i  The complex numbers u and v satisfy the equations
u+2y =21 and iu+v =3.
Solve the equations for u and v, giving both answers in the form x + iy, where x and y are real. [5]
it Onan Argand diagram, sketch the locus representing complex numbers z satisfying |z + if = 1

and the locus representing complex numbers w satisfying arg(w — 2) = %n. Find the least value
of | z— w| for points on these loci. 151

Cambridge International A Level Mathematics 9709 Paper 31 Q8 November 2013

Example 33

Throughout this question the use of a calculator is not permitted.

The complex numbers w and z satisfy the relation
z+1
iz+2°

i  Giventhat z = 1+1, find w, giving your answer in the form x + iy, where x and y are real. [4]

i Given instead that w = z and the real part of z is negative, find z, giving your answer in the
form x + iy, where x and y are real. 14]

Cambridge International A Level Mathematics 9709 Paper 31 O5 November 2014

Example 34
The complex number 3 — i is denoted by u. Its complex conjugate is denoted by u*.

i On an Argand diagram with origin O, show the points 4, B and C representing the

complex numbers u, «* and u*—u respectively. What type of quadrilateral is O4ABC? 4]
%

ii Showing your working and without using a calculator, express L the form x + 1y,
where x and y are real. 31

ES
iii By considering the argument of u_, prove that
U

tan-? (%j 2 tan™! (%) 3]

Cambridge International A Level Mathematics 9709 Paper 31 Q9 November 2015

Example 35
The complex number 1+ (v2)i is denoted by u. The polynomial x* + x? +2x +6 is denoted by p(x).
i Showing your working, verify that « is a root of the equation p(x) = 0, and write
down a second complex root of the equation. [4]
ii Find the other two roots of the equation p(x) = 0. [6]
Cambridge International A Level Mathematics 9709 Paper 31 Q9 November 2012
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Example 36

June 2014/32 Question 7
(a) Ttis given that—1 + (v5)i is a root of the equation z* + 2z + @ = 0, where a is real. Showing your
working, find the value of a, and write down the other complex root of this equation. [4]
w— 1

=itan 8. [4]

(1) The complex number w has modulus 1 and argument 28 radians. Show that —

Example 37
November 2014/31 Question 5

Thronghout this question the use of a calenlator is not permitted.

The complex numbers w and z satisfy the relation

Z+1

iz4+2
(i} Giventhatz =1 +1i, find w, giving your answer in the form x + iy, where x and y are real.  [4]

(ii) Given instead that w = z and the real part of z is negative, find z, giving your answer in the form
X + iy, where x and y are real. [4]

Example 38
November 2014/33 Question 5

The complex numbers w and z are defined by w=5+3iand z=4 +1.

iw
(i) Express — in the form x + iy, showing all your working and giving the exact values of x and y.
z

(3]
(if) Find wz and hence, by considering arpuments, show that
~1/3 —1fly 1
tan™' () +tan™" () = 7. [4]
Example 39
June 2014/33 Question 7

a) Th 1 b
{a) e complex number 14

! is denoted by n. Showing your working, express # in the form

X + iy, where x and y are real. [3]

{(b) (i) On a sketch of an Argand diagram, shade the region whose points represent complex

numbers satisfying the inequalities |z—2—i|< 1 and |z—i| < |z — 2|. [4]
(if) Calculate the maximum value of are = for points lying in the shaded region. [2]
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Example 40
June 2013/31 Question 7

{a) Without using a calculator, solve the equation
3w+ 2wt =17+ 8i,
where w* denotes the complex conjugate of w. Give your answer in the form a + 5i. [4]
(1) Inan Argand diagram, the loci
arg(z—2i)=4x and |z-3|=|z-3i|

intersect at the point P. Express the complex number represented by P in the form re'?, giving
the exact value of 8 and the value of » correct to 3 significant figures. [5]

Example 41
June 2013/32 Question 9

(a) The complex number w is such that Re w = 0 and w + 3w* = iw”, where w* denotes the complex
conjugate of w. Find w, giving your answer in the form x + iy, where x and y are real. [5]

() On a sketch of an Arcand diagram, shade the region whose points represent complex numbers

z which satisfy both the inequalities |z —2i| <2 and O € arg(z + 2) = ;lf:r. Calculate the greatest
value of |z| for points in this region, giving your answer correct to 2 decimal places. [6]

Example 42
June 2013/33 Question 7

The complex number z is defined by z = a + ib, where @ and & are real. The complex conjugate of =
is denoted by =*.

() Show that |z|* = zz* and that (z— ki)* = z* + ki, where I is real. 2]

In an Argand diagram a set of points representing complex numbers z is defined by the equation
|z — 10i| = 2|z — 4i].

(if) Show, by squaring both sides, that

zz¥ - 2iz* + 2z - 12=0.

Hence show that |z — 2i| = 4. [5]
(iii) Describe the set of points geometrically. [1]
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HOMEWORK: COMPLEX NUMBERS VARIANT 32

The complex number 2i is denoted by #. The complex number with modulus 1 and argument %E is
denoted by w.

. . . . i
(i) Find in the form x + iy, where x and y are real, the complex numbers w, uw and —. [4]
W

(ii) Sketch an Argand diagram showing the points U, A and B representing the complex numbers u,

uw and " respectively. [2]
(iii) Prove that triangle UAR is equilateral. [2]
. . 03/Q5
Answers: (i) cos>x + isin =, —+3 —i, 4/3 —i. j03/Q
3 3
T+ 4
The complex number i is given by 1 = A 2? ;
— &l
(i) Express i in the form x + iy, where x and y are real, [3]

{ii) Sketch an Argand diagram showing the point representing the complex number &, Show on the

same diagram the locus of the complex number = such that |z - u| =12 [3]
{iii} Find the greatest value of arg z for points on this locos. [3]
Answers: (i) 1+ 2i: (iii) 126.9°. N03/Q7
(i} Find the roots of the equation zi-z4l=0. giving your answers in the form x + i1, where x and
¥ are real [2]
(ii} Obtain the modulus and argument of each root. [3]
(iif) Show that each root also satisfies the equation 7 =-1. [2

4_r ( 1 J04/Q8
27 -

Answers: {l]--+| : ., —T,
232 3

The complex numbers 1 + 31 and 4 + 21 are denoted by o and v respectively.

. . . u -
(i) Find, in the form x + 1, where & and 1 are real. the complex numbers ¢ —+ and —, [3]
-
- i
(i) State the argument of —, [1]
v

In an Argand diagram. with origin &, the points 4, B and O represent the mumbers i, 1 and v = v
respectively.,
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(iii) State fully the geometrical relationship between OC and BA. [2]

(iv) Prove that angle 4OB = %ﬂ: radians. [2]

Answers: (1) =3 +1, —+~i; (i) ; (i) OC and BA are equal and parallel. N04/Q6

. a a . A ' '
(i) Solve the equation z~ — 2iz — 5 = 0, giving vour answers i the form x + iy where x and y are real.

[3]
{ii) Find the modulus and arguiment of each root, [3]
(i) Sketch an Argand diagram showing the points representing the roots, [11
Answers: (i} 2+ 1, =2 + I; (if) 0.464 (or 26.6%), 2.68 (o 153.4°). J05/Q3
The equation 23° +3° + 25 = 0 has one real root and two complex roots.
(i} Verify that 1 + 21 is one of the complex roots. [3]
(i} Write down the other complex root of the equation. [1]

(ifi} Sketch an Argand diagram showing the point representing the complex mumber 1 4+ 21, Show on
the same diagram the set of points representing the complex numbers z which satisfy

|z] = |z—1-2i]. [4]

Answer: (i) 1= 2. NO05/Q7

The complex nmumber 2 + i is denoted by #, Its complex conjuzate iz denoted by 1",

(i} Show. on a sketch of an Argand diagram with origin &, the points 4. B and  representing the
complex munbers 1, #* and 1 + #" respectively. Describe in geometrical terms the relationship
between the four points O, A, B and C, [4]

[F¥)
—

- i . .
(ii} Express — in the form x + iv, where x and y are real. [
i

. g u )
(ifi) By considering the argument of —, or atherwise, prove that
i

tan™' (1) = 2tan" (3). [21

J06/Q7

Answers: (1) OACE s a rhombus {or equivalent); {ii) %f %i .
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The complex mumber # is given by

3+

"=5—
(i) Express i in the form x + 1y, where v and v are real. [3]
(ii) Fmd the modulus and argument of &, [2]

(iii) Sketch an Argand diagram showing the point representing the complex number . Show on the
same diagram the locus of the point representing the complex number z such that |z = u| = 1.

[3]
(iv) Using vour diagram, calculate the least value of |z| for points on tlis locus. [2]
Answers: (i} 1+1; (fi) 42, 45% {iv) 4/2-1. N06/Q9
9 7
The complex number 1o is denoted by n.
—1+1
(i) Find the modulus and argument of ¢ and «”. [&]

a4 - . - 4 ':l_
(ii) Sketch an Argand diagram showing the points representing the complex mumbers v and 1. Shade
the region whose poiuts represent the complex numbers z which satis{y both the mequalities |z| <2

and |z—:.!2|-c: |z — n- [4]
Answers. (i) \5 and —%.’I , 2and %ﬂ' . J07/Q8
. i 4-31
(a) The complex number z is given by z = -
-2
{1} Express z i the forn 3 + 1, where v and v arve real, 1
{ii} Find the modulus and argument of z. 2]

{b) Find the two square roots of the complex number 5 — 121, giving your answers in the form x + iy,
where x and 1 are real. [5]

Answers: {a){i) 2+, (ii) +/5or2.24, 0464 or 26.6°; {b) —3+2i, 3-2i. N07/Q8

11 The variable complex number z is given by

z=2cos8+1(l—-2sm8),

where @ takes all values in the interval -7 < 0 £ 7.

(i) Show that |z —i| = 2, for all values of 8. Hence sketch, in an Argand diagram, the locus of the

point representing z. [3]
{(if} Prove that the real part of % is constant for—7 < 6 < 7. [4]
z+2-1
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J08/Q5

12 1 1 .3
The complex number w is given by w = —3 +i—-
{i) Find the modulus and argumient of 1w, [2]
{ii} The complex number z has modulus & and argument 2, whepe —%JT < 0= %x, State the modulus
z
and argnment of wz and the modulus and arsument of —. [4]
1

. . . . . z ,

(ili) Hence explain why, in an Argand diagram. the points representing =, w2 and — are the vertices
w

of an equilateral triangle. [2]
(iv)} In an Argand diagram. the vertices of an equilateral triangle lie on a circle with centre at the
origin. One of the vertices represants the complex number 4 + 21 Find the complex numbers
represented by the other two vertices. Give your answers in the form x + iy, where x and y are
real and exact, [4]

Answers: (i) 1, %;r {or 2.08 radians); (i} & & +§£; = H‘—%E: N08/Q10

fivl —(2+43)+(2d3 =i, —(2-43)-(243 +1)i.

13 (i) Salve the equation 2° + (2+/3)iz — 4 = 0, giving your answers in the form x + iy, where ¥ and ¥
are real, 131
(i) Sketch an Argand diagram showing the points representing the roots. 1]
(iii} Find the modulus and argument of each root. [31

(iv) Show that the origin and the points representing the reots are the vertices of an equilateral triamgle.

I

Answers: (i} 1-+3i, =1-43i; (iii) 2, -60% 2, -120°. J09/Q7
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14 Ihe complex numbers =2 + i1 and 3 + 1 are denoted by & and v respectively.

(1) Find, in the form x + 1y, the complex numbers

{a) w+7v, 111
(b :—: showing all your working. 131

o ]
(i) State the argument of - (1]

In an Argand diagram with origin €, the points A, 8 and C represent the complex numbers #, v and
W+ ¥ respectively,

(iii) Prove that angle AQL = in. [2]
(iv) State fully the geometrical relationship between the line scgments GA and BC, 121
Answers: (i)(a) 1+ 2i, (b) _54.%; (i) %:.—; (iv) OA=BC, OAis paralielto BC. N09/32/Q7
15 The variable complex number z is given by
z=1+cos20+isin20,
where 6 takes all values in the interval —ir < 6 < .
(i) Show that the modulus of z is 2 cos 8 and the argument of z is 8. [6]
. 1,
(ii) Prove that the real part of > is constant. [3]
J10/Q8

16 (a) Find the two square roots of the complex number —3 + 4i, giving your answers in the form
x + iy, where x and y are real. [31

(b) The complex number = is given by

_ =143
T2+
{i) Express zin the form x + iy, where x and v are real. [2]
(ii) Show on a sketch of an Argand diagram, with origin @, the points A, B and C representing
the complex numbers —1 + 3i, 2 41 and z respectively, [11
{iii} State an equation relating the lengiths GA, G and OC, [1]

Answers: (a) 1+ 2i and -1 - 2i; (b)i) —~+ L, i) 0c = 22 | N02/Q8
5 5 OB
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17 The complex number z is given by

z=(v3)+1
(i) Find the modulus and argument of z. [2]

(ii) The complex conjugate of z is denoted by z*. Showing your working, express in the form x + iy,
where x and y are real,

(a) 2z+:z",

*

iz
(b} -
[4]
(iii) On a sketch of an Argand diagram with origin @, show the points A and B representing the
complex numbers z and iz* respectively. Prove that angle AOB = 1x. [31
Answers: {i] 2, %;r, (ijfa) 33 +i, (b) %-.E+%i. N10/32/Q6
18 . 5 .

(a) The complex number  is defined by 1 = P where the constant a is real.

(i} Express i in the form x + iy, where x and y are real. [2]

(i) Find the value of @ for which arg(u™) = %.rr, where 4™ denotes the complex conjugate of .

[3]
(b) On a sketch of an Argand diagram, shade the region whose points represent complex numbers z
which satisfy both the inequalities |z| < 2 and |z| < |z — 2 — 2i|. [4]

Answers: {a)(i) —253 - 10 i , (i) 2. J11/32/Q7

a +4 a +4
19 Throughout this question the use of a calculator is not permitted.
The complex number u is defined by
"y 1+2i
C1-300
(i) Express i in the form x + iy, where x and y are real. [3]

(i) Show on a sketch of an Argand diagram the points A, B and C representing the complex numbers
u, 1 +2i and 1 — 3i respectively. [2]

(iii) By considering the arguments of 1 + 2i and 1 — 3i, show that

tan™' 2 +tan'3 = %Jr. [3]
N1 1. J12/32/Q7
Answer. ) u= ——+—i
2 2
242 Compiled by: Salman

Farooq



20 (a) The complex number w is such that Rew > 0 and w + 3w* = iw?, where w* denotes the complex
conjugate of w. Find w, giving your answer in the form x + iy, where x and y are real. [3]

(b) On a sketch of an Argand diagram, shade the region whose points represent complex numbers

z which satisfy both the inequalities [z — 2i| < 2 and 0 £ arg(z + 2) < 4l:|r. Calculate the greatest
value of |z| for points in this region, giving your answer correct to 2 decimal places. [6]

Answers. (i) 22 -2i; (i) 3.70 J13/32/Q9

21 (a) Itis giventhat—1 + (+/3)i is a root of the equation z* + 2z + @ = 0, where a is real. Showing your
working, find the value of a, and write down the other complex root of this equation. [41

w—1

() The complex number w has modulus 1 and argument 28 radians. Show that 1= itan 8. [4]
W

Answer. (a) a=-12; z= —1—(\/§)i J14/32/Q7

22 The complex number u is given by u = —1 + (44/3)i.

(i) Without using a calculator and showing all your working, find the two square roots of . Give
your answers in the form a + ib, where the real numbers a and b are exact. [5]

(ii) On an Argand diagram, sketch the locus of points representing complex numbers z satisfying
the relation |z — u| = 1. Determine the greatest value of arg z for points on this locus. [4]

Answers: (i) = (/3 + 20); (i) 1.86 J15/32/Q7

23  (a) Showing your working, find the two square roots of the complex number 1 — (2+/6)i. Give your
answers in the form x + iy, where x and y are exact. [5]

(b) Onasketch of an Argand diagram, shade the region whose points represent the complex numbers
z which satisfy the inequality |z —3i| < 2. Find the greatest value of arg z for points in this region.

(5]

Answer. (i) + (\E 7i\/§) (ii) 131.8° {or 2.30 radians) N11/32/Q10

24 Tpe complex number 1 + (v/2)i is denoted by u. The polynomial x* + x2 + 2x + 6 is denoted by p(x).

(i) Showing your working, verify that & is a root of the equation p(x) = 0, and write down a second

complex root of the equation. [4]
(i1) Find the other two roots of the equation p(x) = 0. [6]
Answers: (i) 1=+/2 i, (i) =1 +1,-1—1. N12/32/Q9
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25 Throughout this question the use of a calculator is not permitted.

(a) The complex numbers u and v satisfy the equations
+2v=21 and w+v=3

Solve the equations for & and v, giving both answers in the form x + iy, where x and vy are real.

(5]

() On an Argand diagram, sketch the locus representing complex numbers z satisfying |z + 1| =1
and the locus representing complex numbers w satisfying arg{w —2) = %:rr. Find the least value
of |z —w| for points on these loci. [5]

Answers: {a) u=-2-2i,v=1+2i (b) 3 4 N13/32/Q8

V2

26 Throughout this question the use of a calculator is not permitted.

The complex numbers w and z satisfy the relation

Z+1
W= - .
iz+2

(i) Giventhatz=1+1, find w, giving your answer in the form x + iy, where x and y are real.  [4]

(ii) Given instead that w = z and the real part of z is negative, find z, giving your answer in the form

x + iy, where x and y are real. 4]
3.1 ¥3 1 N14/32/Q5
Answersi (1) —+—1,i)———+—I
2 2 2 2

27 The complex number 3 — i is denoted by u. Its complex conjugate is denoted by u*.
(i) On an Argand diagram with origin O, show the points A, B and C representing the complex
numbers u, #* and u* — 1 respectively. What type of quadrilateral is OABC? [4]
*
(it) Showing your working and without using a calculator, express " in the form x + iy, where x
and y are real. [3]

Ed

(iii) By considering the argument of > prove that

tan”'(3) = 2tan”'(3). 3]
Answers: (1) Parallelogram i) %+%i N15/32/Q9
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HOMEWORK: COMPLEX NUMBERS- VARIANTS 31 & 33

1 The complex number 1 — i is denoted by .
(i) Showing your working and without using a calculator, express
i
K
in the form x + iy, where x and y are real. [2]
(ii) On an Argand diagram, sketch the loci representing complex numbers z satisfying the equations
|z— u]=|z] and |z —i| = 2. [4]
(iii) Find the argument of each of the complex numbers represented by the poinfs of intersection of
the two loci in part (ii). [3]
33/]15/8
Answers: (i) —%+%i (i) —%:-.r ( 270°) and 0.464 radians (26.6°)
2 -
The complex number w is defined by w = %
—i
(i} Without using a calculater, show that w= 2 + 4i. [3]

(iiy Itfis given that p is a real number such that %n‘ S arg{w+ p) £ %ﬂ. Find the set of possible valt;gi
of p.

(iii) The complex conjugate of w is denoted by w*. The complex numbers w and w* are represented
in an Argand diagram by the points 5 and T respectively. Find, in the form |z — a| = k, the
equation of the circle passing through S, 7 and the origin. [3]

Answers: (ii)-6sp=s2 (iii)|z— 5/ =5 31/115/8

3  The complex numbers w and z are defired by w=5+3iandz =4 + i.

(i) Express ¥ in the form x + v, showing all your working and giving the exact values of x and y.
z

[3]
(ii) Find wz and hence, by considering arguments, show that
tan' (2) + tan~' (1) = L. [4]
Answer (i) —1+Ei 33/N14/5
17 A7
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4

Throughont this question the use of a calculator is not permitted.

The complex numbers w and z satisfy the relation
z+i

W= - .
iz+2

(i) Giventhatz=1+1, find w, giving your answer in the form x + iy, where x and y are real.  [4]

(ii) Given instead that w = z and the real part of z is negative, find z, giving your answer in the form

x+ iy, where x and y are real. [4]
Answers: (i) CHRLY (i) J3 1 [ b\
2T T
5 —5i
¢a) The complex number i is denoted by 2. Showing your working, express # in the form
x + iy, where x and y are real. 3]
{1 (i) On a sketch of an Argand diagram, shade the region whose points represent complex
numbers satisfying the inequalities |z—2—1i|< l and |z—i| € |z— 2| [4]
(ii) Calculate the maximum value of argz for points lying in the shaded region. [2]
Answers: (@api) —1-1 (b)(ii) 0.927 radians or 53.1° 33/114/7
6 The complex number z is defined by z= w Find, showing all your working,
—i
(i} an expression for z in the form r&?, where r>0and =z < 8 g x, [5]
¢ii) the two square roots of z, giving your answers in the form re?, wherer>0and —z< 6<x [3]
. 1. 5 31/]14/5
Answers: (i) e, (i) 3e8 L 3g ©
7

(a) Without using a calculator, use the formula for the solution of a quadratic equation to solve
(2—Dz* +2z+2+i=0.

Give your answers in the form « + 5. [5]

(1) The complex number w is defined by w= ’23%“. In an Argand diagram, the points 4, B and
C represent the complex numbers w, 1 and w* respectively (where w* denotes the complex
conjugate of w). Draw the Argand diagram showing the points 4, B and C, and calculate the
area of triangle ABC. [5]

Answer: (i) _% i %. -i (i) 10 33/N13/9
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8 The complex number z is defined by z = a + ib, where a and & are real. The complex conjugate of z
is denoted by z*.

(i} Show that |z|2 = zz* and that {(z — H)* = z* + &, where £ is real. 21

In an Argand diagram a set of points representing complex numbers z is defined by the equation
|z— 10i| = 2|z —4i].

(ii) Show, by squaring both sides, that
zzt— Ziz* + 2iz— 12=10.

Heance show that |[z— 2i| = 4. [5]1

(iii) Describe the set of points geometrically. 1]

Answer. Circle, centre (0,2), radius 4 33/J13/7

9 (a) Without using a calculator, solve the equation
Fw+ 2wt = 17 + 8,
where w* denotes the complex conjugate of w. Give your answer in the form « + 5i. [4]
(1) [nan Argand diagram, the loci
arg(z— 2) =1z and |z-3|=|z-3i]

intersect at the point P. Express the complex number represented by P in the form »e'®, giving
the exact value of 6 and the value of » correct to 3 significant figures. [5]

B 31/J13/7
Answer. 7-21  Answer 669e4

10 (a) Without using a calculator, solve the equaticn iw® = (2— 2i)%. 3]

(b) (i} Sketch an Argand diagram showing the region R consisting of points representing the
complex numbers z where

|z—4—4i| £ 2. [2]
(ii} For the complex numbers represented by points in the region R, it is given that
pElz|€g and a<argz<f.

Find the values of p, g, & and J§, giving your answers correct to 3 significant figures.  [6]

Answers: (a) +iv8 ; (b) (i) 3.66,7.66, 0.424, 1.15. 33/N12/10
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11 The complex number 1 + (+/2)i is denoted by #. The polynomial x* + 3% + 2x + 6 is denoted by p(x).

{i) Showing your working, verify that s is a root of the equation pi(x) = 0, and write down a second

complex root of the equation. [4]
(ii) Find the other two roots of the equation p({x) = 0. [6]
Answers: (i) =2 i; (i) =1 +i,—1 —i. 31/N12/9

12 (a) The complex numbers x and w satisfy the aquations
u—w=44 and wuw=35.
Solve the equations for & and w, giving all answers in the form x + iy, where x and v are real.

[5]

(hy (i} On a sketch of an Argand diagram, shade the region whose points represent complex

numbers satisfying the inequalities |z— 2+ 2i| £ 2, argz € —%:r and Rez = 1, where Re

denotes the real part of z. [5]
(ii} Calculate the greatest possible value of Rez for points lying in the shaded region. [1]
Answers. (a) u=1+2iand w=1-2i; u=—1+2iandw=-1-2i (b) (i)2++2 33/112/10
13 {1+ 2i)?

The complex number u is defined by = i

(i) Without using a calculater and showing your working, express # in the form x + iy, where x and

v are real. [4]

(ii) Sketch an Argand diagram showing the locus of the complex number z such that |z — u| = ||
[3]

211, 31/112/4
Answer (i) U=—+—I
505
14 The complex number w is defined by w=—1 +1.

(i) Find the modulus and argument of w? and w>, showing your working. [4]

{ii) The points in an Argand diagram representing w and w? are the ends of a diameter of a circle.

Find the equation of the circle, giving your answer in the form |z — (a + bi}| = k. [4]
33/N11/6
- 1 1 - 1 1] 1
Answers: (i) 2, 242, ——m, —&; (i} [Z+=+=i|==10
() 2,242, o, 2wl (i) |7+ 2| 510
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15

(a) Showing your working, find the two square roots of the complex number 1 — {2+/6)i. Give your
answers in the form x + iy, where x and y are exact. [5]

() Onasketch of an Argand diagram, shade the regicn whose points represent the complex numbers
z which satisfy the inequality |z — 3i| € 2. Find the greatest value of arg z for points in this region.

[5]
31/N11/10
Answer. (i) £ (/3 —iv2) (i} 131.8° {or 2.30 radians) /N11/
16 (i) Find the roots of the equation
22+ (2v3)z+4=10,
giving yvour answers in the form x + iy, where x and v are real. 2]
(ii) State the modulus and argument of each root. [3]
(iii) Showing all your working, verify that each root also satisfies the equation
2% =—64. [3]

33/]11/7
Answers: (1) -3 +1, —+3—i; (i} 2, g;:; 2, -g,-,—_

17 The complex number i is defined by 2= f: i:

(i) Showing all your working, find the modulus of # and show that the argument of # is —%zr. [4]

(ii) For complex numbers z satisfying arg{z — 1) = izr, find the least possible value of |z|. [3]

(iii) For complex numbers z satisfying |z — (1 + i)x| = 1, find the greatest possible value of |z|. [3]

Answers. (i) 3; (ii) %ﬁ or 2.12; (i} 3¥2+1o0r5.24. 31/]11/8

18 The complex number w is defined by w=2 +1.

(i) Showing your working, express w? in the form x + iy, where x and y are real. Find the modulus

of w. [3]
(i) Shade on an Argand diagram the region whose points represent the complex numbers z which
satisfy
|z —w?| < |w?l. 3]
Answers: (i) 2 +4i, 5. 33/N10/3
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19 The polynomial p(z) is defined by
p(z) = 2° + mz* + 24z + 32,
where m is a constant. It is given that (z + 2) is a factor of p(z).

(i) Find the value of . [2]

(ii) Hence, showing all your working, find

{n} the three roots of the equation p(z) =0, [5]
(b} the six roots of the equation p{z%) = 0. [6]
Answers: (i} 6; (ila) -2, —2+243i, (b) +W2, £f+i3), £[-i/3). 35gj10/10

20  The complex number z is given by

z= (3} +1i.
(i) Find the modulus and argument of z. [2]

(ii) The complex conjugate of z is denoted by z*. Showing your working, express in the form x + iy,
where x and y are real,

(ay 2z+:z2%
iz*
(b} P
[4]
(iii) On a sketch of an Argand diagram with origin O, show the points A and B representing the
complex numbers z and iz” respectively. Prove that angle ACB = L. 3]
31/N10/6

Answers: (i) 2 %E; fiNa) 343+ (b) %ﬁ+%i_

21 (a) The equation 2x° — x* + 2x + 12 = 0 has one real root and two complex roots. Showing your
working, verify that 1 +i+/3 is one of the complex roots. State the other complex root. [4]

() On a sketch of an Argand diagram, show the point representing the complex number 1 +i+/3.
Cn the same diagram, shade the region whose points represent the complex numbers z which
satisfy both the inequalities [z — 1 —i+/3| < 1 and argz < L. [5]

Answer. (a) 1-i3. 33/110/8
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22 The complex number 2 + 2i is denoted by .
(i) Find the modulus and argument of . [2]
(i) Sketchan Argand diagram showing the points representing the complex numbers 1, i and &, Shade
the region whose points represent the complex numbers z which satisfy both the inequalities
|z—1| £ |z—1i| and |z — 2| £ 1. [4]
(iii) Using your diagram, calculate the value of | z| for the point in this region for which arg z is least.
(3]
Answers: (i) B, 45° (iii) 7 . 31/110/7
23 (a) Itis given that (1 +31)w = 2 + 41. Showing all necessary working, prove that the exact value of
|w2| is 2 and find arg(w?) correct to 3 significant figures. [6]
(b) Onasingle Argand diagram sketch the loci|z|= 5 and |z — 5| =|z|. Hence determine the complex
numbers represented by points common to both loci, giving each answer in the form re®®.  [4]
% N15/33/Q9
Answer (a) —0.284 radians, (p) 5¢ 3
24 Throughout this question the use of a calculator is not permitted.
The complex number z is defined by z = (v2) — (¥/6)i. The complex conjugate of z is denoted by z*.
(i) Find the modulus and argument of z. [2]
(ii) Expresseach of the following in the form x + iy, where x and y are real and exact:
(a) z+2z%
z*
b .
[4]
(iii) On a sketch of an Argand diagram with origin O, show the points A and B representing the
complex numbers z* and iz respectively. Prove that angle AORB is equal to %.7:. [3]
Answers: Modulus 242 Argument —/3 or = 60° N16/33/Q7
Answer: 32 + VBi % V3 + %4
25 243 :
+—f in the form re'®, where r > 0

(a) Showing all necessary working, express the complex number )
-2i

and —x < 8 € m. Give the values of ¥ and 8 correct to 3 significant figures. [5]

(b) On an Argand diagram sketch the locus of points representing complex numbers Z satisfying the

equation |z — 3 + 2i| = 1. Find the least value of |z| for points on this locus, giving your answer
in an exact form. [4]
Answers: (a) 1.61e%% (b) V13 -1 N18/33/Q8
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26 (a) Showing all your working and without the use of a calculator, find the square roots of the complex
number 7 — (6+/2)i. Give your answers in the form x + iy, where x and ¥ are real and exact. [5]
(b) (i) On an Argand diagram, sketch the loci of points representing complex numbers w and z
such that |[w—-1-2i|=1andarg(z—- 1) = %i‘r. [4]
(ii) Calculate the least value of |w — z| for points on these loci. [2]
Answers: (a) £(3—iWZ), (b)(ii) v2 -1 J16/31/Q10
27  Throughout this question the use of a calculator is not permitted.
The complex numbers —1 + 31 and 2 — i are denoted by i and v respectively. In an Argand diagram
with origin @, the points A, B and C represent the numbers i, v and i + v respectively.
(i) Sketch this diagram and state fully the geometrical relationship between OB and AC. [4]
u
(ii) Find, in the form x + iy, where x and y are real, the complex number —. [3]
(iii) Prove that angle AOB = %?’I. [2]
J16/33/Q9
28  Throughout this question the use of a calculator is not permitted.

The complex numbers i and w are defined by ¥ = —1 +7i and w = 3 + 4i.

(i) Showing all your working, find in the form x + iy, where x and y are real, the complex numbers

i —2wand ~. [4]
W

In an Argand diagram with origin O, the points A, B and C represent the complex numbers i, w and
i — 2w respectively.

(ii) Prove that angle AOB = 1. [2]
(iii) State fully the geometrical relation between the line segments OF and CA. 2]
Answers: (i) -7 -i , 1+i (iii) parallel, |CA| = 2|08 J17/31/Q7
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29 Throughout this question the use of a calculator is not permitted.

(a) The complex numbers z and w satisfy the equations
z+(l+1)w=1 and (1-i)z+iw=1.

Solve the equations for z and w, giving your answers in the form x + 1y, where x and y are real.

[6]

(b) The complex numbers it and v are given by = 1 + (24/3)i and v = 3 + 2i. In an Argand diagram,
i and v are represented by the points A and B. A third point C lies in the first quadrant and is
such that BC = 2A B and angle ABC = 90°. Find the complex number z represented by C, giving

your answer in the form x + 1y, where X and ¥ are real and exact. [4]
17/33/Q11
Answers: (a)w=~%+§i,z=%+%' (b)4J§—1+6i n733/Q

30 (i) Showing all working and without using a calculator, solve the equation z> + (24/6)z + 8 = 0,

giving your answers in the form x + 1y, where X and y are real and exact. [3]
(ii) Sketch an Argand diagram showing the points representing the roots. [1]
(iii) The points representing the roots are A and B, and O is the origin. Find angle AOB. [3]
(iv) Prove that triangle AOB is equilateral. [1]
Answer. (i) z =6 £2/ (iii) 60° ]18/31/Q7

31 (a) Find the complex number z satisfying the equation

3z—iz"*=1451,

where z* denotes the complex conjugate of z. [4]

(b) On a sketch of an Argand diagram, shade the region whose points represent complex numbers z
which satisfy both the inequalities |z] € 3 and Imz 2 2, where Im z denotes the imaginary part
of z. Calculate the greatest value of arg z for points in this region. Give your answer in radians
correct to 2 decimal places. [5]

Answers: (a) 1+2i (b) 2.41 J18/33/Q9
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CHAPTER 20: VECTORS

Recall that a vector has both magnitude (size) and direction.

A movement through a certain distance and in a given direction is called a displacement or
a translation. The magnitude or length of a displacement represents the distance moved.

Examples of displacement or translation vectors

e Sami walks 100 m in a straight line on a bearing of 045° from place 4 to place B. Jan is
also standing at place 4. Jan walks directly to Sami. Jan therefore also walks for 100 m on
a bearing of 045° from place 4. Jan follows the same displacement vector as Sami.

e The diagram shows two arrows.

YA

wY

The arrow from L to M is the same length and has been drawn in the same direction as the
arrow from P to Q.

This means that the points L and P have been displaced or translated by the same vector to
M and @, respectively.

The arrow LM and the arrow PQ represent the same displacement.
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Example 1

Example 6.1 Given that a= b= —1 and c=| —

O o= Q0
[ 1

evaluate

(¢) a+b (i) c —b (i) b+a—c

Example 2

Example 6.2 Using the same veciors as in Example 6.1, evaluale
(¢) 2a+ 3b (i) 5b + 3¢ — 4a

Parallel Vectors

Example 3
2 —6
Example 6.4 Given that a= p and b = 9 are parallel,
-5 q
find the values of the constants p and q.
Dot Product of Vectors
Example 4
1 2
Example 6.5 Giventhata=| —2 |andb=| —1 |,evaluatethedot
3 4
product a - b.
Perpendicular Vectors
Example 5

2 1

Example 6.6 Given that a = ( 1 ) and b = ( —6 ), show that a and
4 1

b are perpendicular.
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Magnitude of a Vector

Example 6
2
Given that a= | —3 |, find the length of a.
4]
Unit Vector
Example 7

Example 6.8 Given that a = 2i + j+ 2k, find a unit vector and a vector
of length 9 in the direction of a.

Angles between Vectors

Example 8
1 3
Find the angle between a= | 2 | andb=| -2 |.
1 4
Example 9

Relative to the origin O, the position vectors of the points 4 and B are given by

5 -1
OA=| =2 and OB = 3
4 -1

Find angle OBA.

Position vector of a point between two points

Example 10

]Ez}ample 6.10 The position vectors of A, B and C are given by
OA — 2i+3j— 4k OB — 5i — j + 2%k and OC' — pi — 9j + 14k. Find

(i) the position vector of D such that ABCD is a parallelogram,
(ii) the value of pif A, B and C are collinear,

(iif) the position vector of Q if AQ : QB =3 : 4.
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Example 11

Example 6.11 Consider the cuboid OABCDEFG. The unit vectors i, j
and k are along OA, OC and OG respectively. Also OC = 10 em,

OA = 15cem and OG = 5 em and X and Y are the midpoint of DE and
G D respectively.

E X O
B ¥ A
15 cm
G i
F
5cm JK
10 em

Find
(1) ﬁ in terms of 1, j and k,

(ii) W in terms of i, jand k,

Gii) XOY.
Example 12
2 4 2
Example 6.12 Given that 4P} = 2 1, (ﬁ = -2 |, CTR> =1 3
—1 2 T
—2
and ﬁ = 0 |, find
Y

(i) a unit vector in the direction of 4@,

(ii) the value of = such that POR = 90°,

(iii) the values of y for which ]ﬁ| = G units.
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Example 13
Example 6.13 Given that OP — i +2j + 4k and 00 — 4i — 2j + 4k,

(i) Calculate QJEO.
(i) Find a vector of length 25 in the direction ETQ>

(iii) Given also that (j%} = 3i+ zk, where z is a constant and PR = 2P0,
find the possible values of z.

Example 14
June 2014/11 Question 8

Relative to an origin O, the position vectors of points 4 and B are given by

_, {3 . (P
O04d=| 4 and OB=|-1].

2 2

o F
(i) Find the values of p for which angle A0OR is 90°, [3]
(ii) For the case where p = 3, find the unit vector in the direction of B_;I [3]
Example 15
June 2014/12 Question 7
C
B D
A

The diagram shows a trapezium A8 CI in which B4 is parallel to CD. The position vectors of 4, B
and C relative to an origin O are given by

. 3 . 1 . 4
O4=\|4), OB=|3 and OC=|5].

0 2 6
(i) Use a scalar product to show that 4B is perpendicular to BC. [3]
(if) Given that the length of CT» is 12 units, find the position vector of . [4]
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Example 16
June 2014/13 Question 7

The position vectors of points A, B and C relative to an origin () are given by

m:(?), Eé:(_?) and o—c*:(i).

3 7 7
(i) Show that angle BAC = cns"{%). [5]
(i) Use the result in part (i) to find the exact value of the area of triangle ABC. [3]
Example 17

November 2014/11 Question 6

Relative to an origin (), the position vector of A is 3i + 2j — k and the position vector of Bis 7i —3j + k.

(i) Show that angle OAB is a right angle. [4]
(ii) Find the area of triangle OARB. [3]
Example 18

November 2014/12 Question 7
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A

The diagram shows a pyramid (ABCX. The horizontal square base OABC has side 8 units and the
centre of the base is [2. The top of the pyramid, X, is vertically above D and XI) = 10 units. The

mid-point of OX is M. The unit vectors i and j are parallel to OA and OC respectively and the unit
vector K is vertically upwards.

(i} Expressthe wc’u:urs;ﬁf;ir and AL in terms of i, j and k. [3]
{ii} Use a scalar product to find angle MAC. [4]
Example 19

November 2014/13 Question 7

Three points, O, A and B, are such that OA=i+ 3j+pk and OB=_7i+ {1 —p)j+pk, wherepisa
constant.

(i) Find the values of p for which m is perpendicular to ﬁ [3]
(ii) The magnitudes of m and Fé are g and b respectively. Find the value of p for which b* = 24°.
[2]
{iii} Find the unit vector in the direction DTE when p = —&. [3]
Example 20
June 2014/32 Question 10
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Referred to the origin O, the points 4, B and  have position vectors given by

R e E—
04 =i+2j+3k, OB=2i+4dj+k and OC=3i+353 -3k

(i) Find the exact value of the cosine of angle BAC. [4]
(iiy Hence find the exact value of the area of triangle ABC. [3]
Example 21
June 2013/11 Question 6

Relative to an origin &, the position vectors of three points, 4, B and C', are given by

- . . - . -2 2 r .
Od=i+2pj+gk, OB=gj-2pk and OC=—{dp" +g )i+ 2pj+gk,

where p and g are constants.

R _—
(i) Show that Q4 is perpendicular to OC for all non-zero values of p and g. [2]
(ii) Find the magnitude of ﬁ in terms of p and 4. [2]
(iii) For the case where p = 3 and g = 2, find the unit vector parallel to ﬁ [3]
Example 22
June 2013/12 Question 6

Relative to an origin O, the position vectors of points 4 and B are given by
R —_—
O4=i—2j+2k and OF=3i+pj+gk

where p and g are constants.

Rt —_—
(i) State the values of p and g for which @4 is parallel to OB. [2]
(ii) In the case where g = 2p, find the value of p for which angle BOA is 90°. [2]
—_—
(iii) In the case where p = 1 and g = &, find the unit vector in the direction of 4 5. [3]
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Example 23
June 2013/13 Question 8

The diagram shows a parallelogram Q4B in which

3 3
R —_—
{JA=( 3) and GB=(D).

—4 2
(i) Use a scalar product to find angle BOC. [6]
(if) Find a vector which has magnitude 35 and is parallel to the vector ﬁ [2]

Vector Equation of a line

Example 24
a) Write down a vector equation for the straight line through

4
the point (3, 1) with direction vector

b) Find a vector equation for the line through the points L(1, 2)
and M(5, 3).
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Example 25

3 =2
Points A and B have position vectors | 1 |and| 5 |respectively.
—4 0

a) Find, in vector form, an equation of the straight line that passes through A and B.
b) Show that the point C(—12, 13, 8) lies on this line.

Example 26

Example 16.1 Find the equation vector form for the following

(a) line passing through the point with position vector i + j + k and
parallel to 2i — j — 2k.

(b) a line passing through a point A(1, 2, 3) and point B(—1,3,2). S

Example 27

Example 16.1 Find the equation vector form for the following

(a) line passing through the point with position vector i + j + k and
parallel to 2i — j — 2k

(b) a line passing through a point A(1, 2, 3) and point B(—1,3,2). S

Example 28

Example 16.2 Show that the point with the position vector i + 3j — 2k
lies on the line with vector equation v =51 +j + 2k + X (2i — j + 2k),

263 Compiled by: Salman
Farooq



Parametric Form

R(x, y, z) represents any point on the line.
X

The position vector of this point can be writtenas r=| y | or r = xi+ yj+ zk.

z
In the equation r = a + ¢b, using the position vectors in component form:

g bl
= a, |+1 bz or xi—+ yj‘l‘ zk = ﬂli‘l' azj+a3k+f(bli+sz+b3k)

(N

da [)3
Simplifying the right-hand side of this:
X a; + tby . . ’ . .
xi+ yj+ zKk = aji + thi + ap] + thyj + a:k + thik
y |=) a+th |or | . .
X1+ ]+ zk = ((ll + fbl)l + ((1.’2 + sz)] + (613 + fbg,)k
Z s + fbg,

Comparing the components:

x=c21+fbl
y:a2+tbg
Z:a3+fb3

These three equations are called the parametric equations of the line.

Parallel Lines
Example 29
Example 16.3 Show that the lines
1 3 2 6
Li:r=1 0 | +1¢ —1 |, Ly:r=1[ 1| +s —2
2 4 3 8
are parallel.
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Intersection of two lines

Example 30

Example 16.4 Find the point of intersection of the lines

r=i+k+A(i—2—3k) and r = 3i — 5k + p (=i + 3j + 3k).

Example 31

Example 16.6 The lines with their respective vector equations
r=ai+j+k+A@Bi—2j+k)andr=—-2i+3j+ p (2i + 3j — k)

intersect , find the value of a and the position vector of the point of
intersection.

Skew Lines

Example 32

Example 16.5 Determine whether the lines with their respective vector
equations

r=i+k+A(—i+3j+3k)andr=2i+3j+p(i—j+k)

intersect or not.

Angle between two lines

Example 33

Example 16.7 Find the acute angle befween the lines

r=di—j+k+A(i+2k)andr =i—j+ 2k + u (3i + 2j — k).

Perpendicular distance from a point to a line

Example 34

Example 16.8 Find the perpendicular distance from the point with
position vector 3i — k to the liner =1 — 2j + k + A (3i + 4j + bk)
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Example 34
November 2014/31 Question 10

The line { has equation r = 4i — 9§ + 9k + L{—2i + j — 2k). The point 4 has position vector 3i + 8j + 5k

(i) Show that the length of the perpendicular from 4 to 7 is 15. [3]

Example 35
November 2014/33 Question 7

The equations of two straight lines are
r=i+4j—2k+A{i+3k) and r=ai+2j—2k+uli+2j+3ak),

where a is a constant.
(i) Show that the lines intersect for all values of a. [4]

(if) Given that the point of intersection is at a distance of 9 units from the origin, find the possible
values of a. [4]
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HOMEWORK: VECTORS VARIANT 32

The points A4, B, C' and D have position vectors 3i+ 2Kk, 2i — 2j+ 5k, 2j + 7k and -2i+ 10j + 7k
respectively.

(i) Use a scalar product to show that B4 and BC are perpendicular. [4]

(ii) Show that BC and 4D are parallel and find the ratio of the length of BC'to the length of 4D [4]

Answers: (i) Proof; (ii) Proof, 2:5. J03/Q8

Eelative to an origin {J, the position vectors of the points 4. 5. C and I are given by

2 R 2 T L g
A = 3], QBE=]-1). cC=|2 and QD= 0.
-1 3 v a

where p and ¢ are constants. Find

(i) the unit vegtor in the divection of E [3]
(ii) the value of p for which angle 40 = 90°, [3]
(iii} the values of ¢ for which the length of;TD is 7 units. [4]
(1 J04/Q9
Answers: (i) % i) 10; (i) 5 or —7.
2
La

Eelative to an origin &, the position veetors of the points 4 and B are given by

—3 =
Od=21+3-k and O =4-3]+2k

{i) Use a scalar product to find angle 408, correct to the nearest degree. [4]

(ii) Find the unit vector in the direction of 4B, [3]

(iliy The point C is such that E** = 6] + pk. where p is a constant. Given that the lengths of 4F and
AC are equal, find the possible values of p. [4]

Answers: (i) 99 (ii) ;?(Zi — &) + 3k); (iii) p = -7 or 5. J05/Q11
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The diagram shows the roof of a house, The base of the roof, OABC, is rectangular and horizontal
with 04 = €F = 14dm and OC = 48 = 8m. The top of the roof DE is 5m above the bass and
DE = 6m. The sloping edges D, €I, AF and BE are all equal in length.

Unit vectors 1 and j are parallel to @4 and OC respectively and the vnif veetor K is vertically upwards,

{i} Express the vector OD in terms of i, j and k. and find its magnitude. [4]
(i1} Use a scalar product to find angle D08, [4]
Answers: (i) 4i +4j + 5k, 7.55m: (i) 43.7° (or 0.763 radians). J06/Q8

Relative to an origin (3, the position vectors of the points 4 and B are given by

4 3
004 = 1 and OF = 21.
-2 —d

(i) Given that C is the point such that 4C = 248, find the unit vector in the direction of & [4]

1
The position vector of the point D is ziven by 0D = (-1 ) , Where & 15 a constant, and it is given that
i
OD = mOA + nOB, where n1 and » are constants.
(i) Find the values of w, # and &. [4]
(R J07/Q9
Answers: (i) ;' 3|; (i) m==2 n=3, k=-B.
|_. E__
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Eelative to an origin &, the position vectors of points 4 and B are 21 4 j + 2k and 3i= 2§ + pk
respectively.

(i) Find the value of p for which &4 and OF are perpendicular. [2]

(ii) In the case where p = 6. use a scalar product to find angle 4OEB. correct to the nearest degree.

(3]

{lil) Express the vector FG‘ is terins of proand hence find the values of pr for which the length of 48 15
3.5 units. (4]

Answers: (i) -2; (i) 407; (i} 0.50r 3.5. J08/Q10

Relative to an origin O, the position vectors of the points A and & are given by

OA=2-8j+dk und OB=Ti+2j—k

(i} Find the value of OA.OB and hence state whether angle ACH iz acute, obtuse or a right angle.

[3]
(ii} The point X is such that f_ﬁf = —g;‘;—B) Find the unit vector in the direction of X, [4]
Answers: (i) -6, obtuse; (i) ¥{2i- 2J+ K) J09/Q6
Relative to an origin O, the position vectors of the points A and B are given by
-2 4
521’:(3) and 53:(1).
1 p
(i) Find the value of p for which OA is perpendicular to OB. [2]
(ii) Find the values of p for which the magnitude OFE is 7. [4]
Answers: (i) 5; (ii) 4, 2. J10/12/Q5
2 2 r
Giventhata= | -2 |,b=| 6 | andc = 1) , find
1 3 p+1
(i) the angle between the directions of a and b, [4]
(ii) the value of p for which b and c are perpendicular. [3]
Answers: (i)103.8% (i) % N02/Q7
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10 E

12 units

The diagram shows a trinngular prism with a horizontal rectangular base ADFC, where £F = 12 units
and 2 = 6 units. The vertical ends ABC and DEF are isosceles triangles with A8 = BC = 3 unils.
The mid-points of BE and DF are M and & respectively, The origin € 1s al the mid-point of AC,
Unit vectors i, j and k are parallel to OC, ON and OF respectively.

(i} Find the length of (8. [1]
(ii} Express cach of the vectors W and m in lerms of L j and k. [3]1

(iii} Evaluate MC.MN and hence find angle CMN, 2iving your answer correct to the nearest degree.

(41
Answers: (i) 4 units; (i) MC =3i- 6j ~4k, MN = 6j - 4k; (iii) -20, 111°. N03/Q7
11 The points 4 and B hawve position vectors i + 7j + 2k and —51 + 5j + 6k respectively. relative to an
origin O,
(i) Use a scalar produet to calculate angle 4€08, giving your answer in radians correct to 3 significant
figures, [4]
- - _} _: . - - - - _'.
(ii) The point C iz such that 48 = 28C. Find the wit vegtor in the direction of GC. [4]
Answers: (i) 0.907 radians; (ii) — (~8i + 4j + 8k). N04/Q8
12
12

Belanve to an omgn O, the position vectors of points P and O are @iven by

. -2 . 2
0P=( 3) and O_=(l).
L q

where ¢ 15 a constant.

(i) In the case where ¢ = 3. use a scalar product to show that cos POO = l‘, [3]
(ii) Find the values of g for which the length fo_:’.@} 15 & umits. [4]
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Answer: (i) g=5 or -3. N05/Q4

13 -3 -
The position vectors of points A and B are ( G ) and ( 2 ) respectively, relative to an ongin &,
3 4
{i) Calculate angle 48, [3]
— — —
{ii} The point € is such that 4 = 34 8. Find the unit vector in the direction of & [4]
Answer. (i) 36.7° @) Yi— 2j+ 2k N06/Q4
3 3 3
14 F
D
B
le ).~
o i
The diagram shows a cube QABCDEEFG in which the length of 2ach side is 4 umits, The unit vectors
[ ——
i. j and k are parallel to @4, OO and &0 respectively. The mid-points of @4 and D& are P and &
respectively and R 1s the centre of the square face 4BFE,
— —_—
(i} Express each of the veetors PR and PO in terms of i, j and K, [3]
(ii} Use a scalar product to find angle OFR. [4]
(iii} Find the parimeter of triangle POR, ziving your answer correct to 1 decimal place. [3]
Answers: (1) 21+ 2]+ 2k, -2i + 2) + 4k; (1) 61.9% (i) 12.8 cm. N07/Q10
15
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The diagram shows a semicireular prism with a horizontal rectangular base 480D, The vertical ends
AED and BFC are semicircles of radius 6cm. The length of the prism is 20em. The mid-point of
A is the origin @, the mid-point of BC is A and the mid-point of 2 is N, The points £ and F are
the highest points of the semucirenlar ends of the prism. The poine P les on EF such that EF = 8 cmn.

Uit vectors §, j and K are pavallel to @D, GM and G E respectively.

—_— —

(i) Express each of the veciors PoA and PNV in tenns of 4, § and k. [3]
(ii) Use a scalar product to caleulate angle 4PN [4]
Answers: (i) -6i - 8j - 6k, 6i+ 2j - 6k; (i) 99.0". N08/Q4

16 G| F
|
Q
|
D | %
|
|
|
|
cl__ 1. __ B
k 7
A J -
P
0'>; A
o the diagram, GABCOEFG 15 a cube in which cach side has lengih 6, Unit vectors i, j and k arc
parallel o OA. OC and OD respectively. The point £ is such tha AP = rlllf_l_f_)f and the point (& is the
mid-point of DF. ’
(i) Express cach of the vectors Ea and Fé in terms ol 1, J and K. [3]
{ii) Find the angle OQP. [4]
Answers: (i) 3i+ 3j + 6k, ~3i+j + 6k; (i) 53.0°. N09/12/Q6
17
I
10 cm

o0 i 10 cm A
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The diagram shows o pyramid GABCP in which the horizontal base GABC is o square of side 10cm
and the vertex £ is 10em vertically above @, The points D, £, F, G lic on OF, AP, BFP. CP
respectively and DEFG is a horizontal square of side 6 cm. The height of DEFG above the base is
dcm. Unit vectors i, j and k are parallel to OA, OC and O respectively.

(1) Show thata = 4. 121
=
(i) Express the vector B0 interms of i, j and k. 121
(iii) Use a scalar product to find angle GBA. [4]
Answers: (i) —10i — 4 + 4k; (jii) 69.6°. N10/12/Q9
18 The lines { and i have vector equations
r=i-2k+s(2i+j+3k) and r=>6i-5j+4k + tHi= 2j+ k)
respectively.
(i} Show that f and st intersect, and find the position vector of their point of intersection. [5]
Answers: (i) 31 +j + k; (i) 7x + y - 5z=17. N03/Q10
19 The lines F and » have vector equations
r=2i—j+4k+s{i+j—k) and r=-2i+2j+k+n-2i+j+k)
respactively.
(1) Show that 7 and w do not intersect, [4]
The point P lies on ! and the point & has position vector 2i — k.
{ii) Given that the line P is perpendicular to 7, find the position vector of P [4]
(iif) Verify that & lies on w and that PO is perpendicular to . [2
Answer: (i) 4i+] + 2k. N04/Q9
20 With respect to the origin O, the points 4 and B have position vectors given by
O4=2i+2j+k and OB=i+dj+3k
The line { has vector equation r= 4 — 2] + 2k + s(i + 2] + k).
(i} Prove that the line ! does not intersect the line through A and B. [5]
Answer: (ii) 6x +y -8z = 6. J05/Q10
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21 The points A and B have position vectors, relative to the origin &, given by
., -t 3

OA:( 3) and E}Tﬁ:(_l).

3 -4

The line § passes through 4 and is parallel to (28, The point V is the foot of the perpendicular from B

to /.
{i) Stat= a vector equation for the lin= [, [1]
(iiy Find the position vector of &V and show that BN = 3, [&]
P P J06/Q10
(1 [ 3] [ 5
Answers: (1) r=| 3 |+4| =1 |; (i) ‘ 1 |; (i) 7x—11y+8z=0.
. 5 A '-;_4." '1_3.-
22 The points A and B have position vectors, relative to the arigin &, given by
—_— —_—
Od =i+ 2j+3k and OF =2i+j+ 3k
The line { has vector equation
r={1=21i4{5+1)j+(2=1k
(i) Show that / does not intersect the line passing through 4 and B, [4]
(i) The point P lies on [ and is such that angle P4 B is equal to 60°. Given that the position vector
of Pis (1—2¢)i+ (5 +t)j+ (2 — t)k. show that 37 + 7¢+ 2 = 0. Hence find the only possible
position vactor of P [6]
Answer: (i) 5i+ 3j + dk. J08/Q10
23

The line § has equation =i+ 2§ =k +#{2i-j—=2K). It is given that { hes in the planc with equation
2x+ by +cz = 1, where & and ¢ are constants.

(i} Find the values of & and . [&]

(i) The point P has position vector 2j + 4k Show that the perpendicular distance from Pio s /5.

[31

Answers: (i) =2, 3. J09/Q9
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24 WWijth respect to the origin O, the points A, B, C, D have position vectors given by

OA=4i+k, OB=5i-2j-2k, OC=i+j, OD=—i-4dk

(i) Calculate the acute angle belween the lines AP and CD, [4]
(ii} Prove that the lines AR and CD intersect. [4]
(iii) The point P has position vector i + 5] + 6k. Show that the perpendicular distance from P to the
line AB is equal o /3. (4]
Answer. (i) 45.6°. N02/Q10

25 With respect to the origin @, the points A and B have position vectors given by OA=i+ 2j+ 2k and
OB =3i+ 4j. The point P lies on the line AB and OP is perpendicular to AB.

(i) Find a vector equation for the line AB. [1]
(i) Find the position vector of P. [4]
Answers: (i) =i+ 2j+ 2k + (20 + 2j— 2k} (i) %H%ji—%k - (iii) 2x+5y+Tz="25 N10/32/Q7

26 Referred to the origin O, the points 4, B and C have position vectors given by

—> — —
OA=i+2j+3k, OB=2i+4j+k and OC=3i+5j-3k.

(i) Find the exact value of the cosine of angle BAC. [4
(ii) Hence find the exact value of the area of triangle ABC. [3
20 V41 J14/32/Q10

Answer. E; (ii) T; (iii) 4x+z=9

27  The points A and B have position vectors given by ﬁ =2i—j+ 3k and EB? =i+ j+5k. The line !
has equation r =i+ j+ 2k +p(3i + j— k).

(i) Show that / does not intersect the line passing through A and B. [5]
Answer. (i) x+4y+7z=19 J15/32/Q10
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28

With respect to the origin @, the position vectors of two points A and B are given by OA=i+ 2j+2k
and OB = 3i +4j. The point P lies on the line through A and B, and AP = LAB.

(i) Show that OP = (1+24)i+(2+240)j+ (2 -24)k [2]

(ii) By equating expressions for cos AQP and cos BOP in terms of A, find the value of & for which

OPF bisects the angle AOB. [5]

(iii) When A has this value, verify that AP : PB= 0A : OB. [1]
Answer. (i) A= % N11/32/Q7

29
The line / has equation r = 4i — 9j + 9k + 1(—2i + j — 2k). The point 4 has position vector 3i + 8j + 5k.
(i) Show that the length of the perpendicular from 4 to 7is 15. [5]
Answers: npa=2,p0=-2 N14/32/Q10
30 Relative to the origin O, the position vectors of the points A, B and C are given by
2 4 10
— — —
OA = (3) , OB= (2) and OC = ( 0) .
(i) Find angle ABC. 5 3 6 6]
The point D is such that ABCD is a parallelogram.
(ii) Find the position vector of D. 2]
8 J11/12/Q8
Answers: (i) 112.4°% (i) | 1].
8
31 Relative to an origin O, the position vectors of points A and B are given by
—_— —_—
OA=5i+j+2k and OB=2i+7j+pk,
where p is a constant.
(i) Find the value of p for which angle AOB is 90°. [3]
(ii) In the case where p = 4, find the vector which has magnitude 28 and is in the same direction as
AB. [4]
Answers: (i) -8%; (i) -12i+24j+ 8k N11/12/Q3
32
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Answers. (i) 31.0° (i) 9i - 12k, 4i + 6j - 12k (i) O3
J61

J12/12/Q8
33 The position vectors of the points A and B, relative to an origin O, are given by
1 _ k
OA = (0) and OB = (k)
where & is a constant. 2 2k
(i) In the case where k = 2, calculate angle AOB. 14]
(ii) Find the values of & for which /{_B> is a unit vector. [4]
. o 1 2
Answers: (i) 24.1°; (i) k=1or 3
N12/12/Q7
34 Relative to an origin O, the position vectors of points 4 and B are given by
—— —
04=i-2j+2k and OB =3i+pj+gk,
where p and g are constants.
s _ A
(i) State the values of p and g for which OA is parallel to OB. [2]
(if) In the case where ¢ = 2p, find the value of p for which angle BOA is 90°. [2]
(iii) In the case where p = | and g = 8§, find the unit vector in the direction ofﬁ. [31
Answers. (i) p=-6, g=6. (ii} —1.5. (iii) 2 (2i + 3j + 6k).
J13/12/Q6
35 Relative to an origin O, the position vectors of points 4 and B are given by
— —
OA=i+2j and OB =4i+pk.
(i) In the case where p = 6, find the unit vector in the direction Of/ZB). [3]
(i) Find the values of p for which angle A0B = cos™ (1). [4]
P .
Answers: (i) - (3i—2j + 6k). (ii) p=18.
N13/12/Q4
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A

The diagram shows a trapezium 4ABCD in which BA is parallel to CD. The position vectors of 4, B
and C relative to an origin O are given by

3 L 4
@:/4\, o513\ e 00-l5)
0 2 6
(i) Use a scalar product to show that AB is perpendicular to BC. [3]
(ii) Given that the length of CD is 12 units, find the position vector of D. 14]

12
Answers: (i) Proof (i) | 9

J14/12/Q7

37

A

The diagram shows a pyramid QABCX. The horizontal square base QABC has side 8 units and the
centre of the base is D. The top of the pyramid, X, is vertically above D and XD = 10 units. The

mid-point of QX is M. The unit vectors i and j are parallel to (74) and O—C)' respectively and the unit
vector k is vertically npwards.

(i) Express the vectors AM and A_C) in terms of i, j and k. [3]

(ii) Use a scalar product to find angle MAC. [4]

Answers: (i) —6i + 2j + 5k, -8i + 8j, (ii) 45.4°
0] j j, (ii) N14/12/Q7
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38 Relative to an origin O, the position vectors of points A and B are given by
-_— -_
OA=2i+4j+4k and OB=3i+j+4k
(i) Use a vector method to find angle AOB.
—  —
The point C is such that AB = BC.

—
(ii) Find the unit vector in the direction of OC.

(iii) Show that triangle QAC is isosceles.

[4]

[4]
(1]

1
Answer: ) 31.8° ) g(4| —2] +4K)

J15/12/Q9
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HOMEWORK: VECTORS- VARIANTS 31 & 33

1 Relative to an origin @, the position vectors of the points A, B and C are given by
3 5 6
Ei:( 2), OB = (—1) and _&=(1).
-3 -2 2
(i) Show that angle ABC is 90°. [4]
(ii) Find the area of triangle ABC, giving your answer correct to 1 decimal place. [31
Answer: (i) B.6. 13/115/5
2 Relative to the origin €, the position vectors of points A and B are given by
N 3 N 6
OA = ( {)) and OB= (—3).
—4 2
(i) Find the cosine of angle AOE. [3]
k
The position vector of C is given by oc=| -2k |
2k-3
(iiy Given that AR and O*C have the same length, find the possible values of &. [4]
11/]15/4
Arnswers: (i) E (i) 3, —E 115/
7 3
3 : OA —i+3i . OB = —7Ti s . .
Three points, &, A and B, are such that OA =i+ 3j+pk and OB =—7i+ ({1 — p)j+ pk, where pis a
constant.
— —
(i} Find the values of p for which QA is perpendicular to OB. [3]
— —
(ii) The magnitudes of OA and OR are a and b respectively. Find the value of p for which »* = 2a°.
[2]
H
(iiiy Find the unit vector in the direction of AB when p= —8. [3]
Answers: (i) =1, 4; (i) 15; (ifi) 1/5(-4i + 3)) 13/N14/7
4 Relative to an origin O, the position vector of A is 3i + 2j — k and the position vectorof Bis 7i — 3j + k.
(i} Show that angle OAB is a right angle. [4]
(ii} Find the area of triangle OAB. [3]
Answer: 12.5 {or exact equivalent) 11/N14/6
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The position vectors of points A, B and C relative to an origin O are given by

—3 2 — 6 — 2
oA=|1], OB=]|-1 and OC=|4]).
3 7 7

(i) Show that angle BAC = cos™(3). [5]
(ii) Use the result in part (i) to find the exact value of the area of triangle ABC. [3]
Answer. (i) 5V8. 13/]14/7
Relative to an origin O, the position vectors of points 4 and B are given by
ﬁ:(?) and Eé:(?f)
P’ »*
(i) Find the values of p for which angle 4058 is 90°. [3]
(if) For the case where p = 3, find the unit vector in the direction of BA. [3]
12 11/114/8

Answers: {I) p=+2; {ii) %

5
L0
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The diagram shows a pyramid G4BC in which the edge OC is vertical. The horizontal base GAB is
a triangle, right-angled at €, and £} is the mid-point of 4B. The edges ©4, OF and QC have lengths

of 8 units, & units and 10 units respectively. The unit vectors i, j and k are parallel to @, OB and
oc respectively.

(i) Express each of the vectors E)’ and @ in terms of i, j and k. [2]
(ii) Use a scalar product to find angle ODC. [4]
Answer. 4i + 3, 4i + 3] — 10k, 63 4 13/N13/4

(i) Express each of the vectors DB and DE in terms of i, jand k. [2]
(ii} Use a scalar product to find angle BDE. [4]
Answers: (i) DB = 6i + 4j — 3k, DE = 3i + 2j —3k; (ii) 17.2° 11/N13/3
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The diagram shows a parallelogram QABC in which

., {3 ., {5
0A=( 3) and 03=(0).
—4 2

(i) Use a scalar product to find angle BGC. [6]
—
(i) Find a vector which has magnitude 35 and is parallel to the vector OC. [2]
Answers. (i) 54.3° or 0.948 rads_; (i) either 5(2i-3j+6k) or —5(2i—3j+6K). 13/113/8
10 Relative to an origin O, the position vectors of three points, 4, B and C, are given by
—3 —3 —
OA=i+2pj+qgk, OB=gj—2pk and OC=—(4p* + §")i+ 2pj+ gk,
where p and 4 are constants.
— —
(i) Show that Q4 is perpendicular to QC for all non-zero values of p and 4. 2]
—3
(ii) Find the magnitude of €4 in terms of p and 4. [2]
H
(iii) For the case where p = 3 and g = 2, find the unit vector parallel to BA. [3]

Answers: {i) OA.OC = —4p® —g? +4p? +¢% =0 hence perpendicular; (i) [CA]l= 1+4p®+q%;  11/J13/6

(i) 1/9 (i + 4j +BK).

11 The position vectors of points A and B relative to an origin O are given by

p 4
m=(1) and @:(2),
1 p
where p is a constant.
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(i) In the case where QAR is a straight line, state the value of p and find the unit vector in the

—
direction of OA. [3]
(ii) In the case where OA is perpendicular to AR, find the possible values of p. [3]
(iii} In the case where p = 3, the point C 1s such that OQARC is a parallelogram. Find the position
vector of C. [2]
o 1 13/N12/9
Answers. (i) 2, 1~."E-?- 1(; () Oor5; (i) | 1.
L1 .2
12 The position vectors of points A and B relative to an origin € are a and b respectively. The position
vectors of points C and IJ relative to © are 3a and 2b respectively. It is given that
2 4
a= (1) and b= (0)
2 6
(i) Find the unit vector in the direction of CD. [3]
(ii) The point E is the mid-point of CD. Find angle EOD. [6]
Answers: (i) 1/7{2i — 3j +6k); (i) B.6". 11/N12/9
13 Relative to an origin &, the position vectors of the points A, B and C are given by
2 4 1
OA = (—1), OF - ( 2) and OC = (3)
4 -2 P
Find
—_—
(i) the unit vector in the direction of AR, [3]
(ii) the value of the constant p for which angle BOC = 90°. [2]
[ 2 13/J12/2
Answers. (1) % 3 W (iiy p=5
W 5'/
14 P 2
Two vectors u and v are such that u = (—2 ) and v= ( p—1 ), where p is a constant.
6 2p+1
(i) Find the values of p for which u is perpendicular to v. [3]
(ii) For the case where p = 1, find the angle between the directions of w and v. [4]
Answers: (i) —1,-4 (i) 30.0° 11/112/6
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15 Relative to an origin O, the position vectors of points A and B are 3i + 4j — k and 5i - 2j — 3k
respectively.
(i) Use a scalar product to find angle BOA. [4]
The point C is the mid-point of AB. The point I} is such that 0D =208.
(ii) Find DC. [4]
Answers. (i) 714, (i) -6i + 5] + 4k 13/N11/6
16 Relative to an origin €, the point A has position vector 4i + 7j — pk and the point B has position vector
8i— j— pk, where p is a constant.
(i) Find OA.GB. 2]
(ii) Hence show that there are no real values of p for which OA and QR are perpendicular to each
other. [1]
(iii) Find the values of p for which angle AOB = 60°. [4]
Answers: (i) 25+p2; (i) 25+ p® =0 has no real solutions; (i) p=+15. 11/N11/8
17 G r
P
0
D 7 !
2 — B
kg i /__,,f"”/ -
o //Z: A

In the diagram, OABCDEFG is a rectangular block in which OA = OD =6cmand AB =12cm. The

unit vectors i, j and k are parallel to OA, OC and OD respectively. The point P is the mid-point of
DG, Q is the centre of the square face CBFG and R lies on AB such that AR = 4cm.

(i) Express each of the vectors -P—é and Eé in terms of i, j and k. [3]
(ii) Use a scalar product to find angle ROP. [4]
Answers. (i) 3i + 6] — 3k, —3i + 8j + 3k; (i) 63.2°. 13/]11/5
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18 Qo

D

B R
e — s
5cm ,/ P C
//

7

k,u, // 3 em Gecm
v,

A -

1

fhcm

The diagram shows a prism ABCDPQRS with a horizontal square base APSD with sides of length
6cm. The cross-section ABCLD is a trapezium and is such that the vertical edges AR and DC are of
lengths 5 cm and 2 em respectively. Unit vectors i, j and k are parallel to AD, AF and AB respectively.

(i} Express each of the vectors CPand Coin terms of i, j and k. 12]
(ii} Use a scalar product to calculate angle PCQ2. [4]

Answers: (i) —61 + 6] — 2k, -6i+6j + 3k; (i) 32.7°. 11/]11/4

19 B
A
C
0

(i) Find angle AOB. [4]
(i) Find E?’ in terms of p and vectors i, j and k. [1]
(iii) Find the value of p given that BC is perpendicular to OA. [4]
13/N10/10

Answers. (i) 86.6%; (i) 3i - 2] + 4k + p(2i + ] - 3K); ({iil) ;
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20

The diagram shows a pyramid (AT with a horizontal base QAR where A = 6em, O = 8cm and
angle AQH = 90°. The point C is vertically above @ and OC = 10cm. Unit vectors i, j and k are
parallel to OA, OB and O as shown.

Use a scalar product to find angle ACE. [6]
Answer. 48.0° 11/N10/5
21 Relative to an origin @, the position vectors of the points A, B and € are given by
OA=i-2j+4k, OB=3i+2j+8k, OC=-i—2j+10k.

(i) Use a scalar product to find angle ABC. [6]
(ii) Find the perimeter of triangle ABC, giving your answer correct to 2 decimal places. 2]
Answers: {i) 63.6% (il}) 18.32. 13/]10/6
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22 A

C

The diagram shows the parallelogram QABC. Given that OA=i+ 3j+3kand OC = 3i —j+k find

(i) the unit vector in the direction of aé, [3]
(ii) the acute angle between the diagonals of the parallelogram, [5]
(iii) the perimeter of the parallelogram, correct to 1 decimal place. [3]

I R - 11/]10/10
Answers: (i) E[:L[ +2] +4KY; (i) 74.27; (iii) 154,

23 The straight line {, passes through the points (0, 1, 5} and (2, -2, 1). The straight line /, has equation
r="Ti+j+k+pfi+2j+5k).

(i) Show that the lines I, and /, are skew. [6]
(ii} Find the acute angle between the direction of the line 7, and the direction of the x-axis. 3]
Answer: (i) 1.39 radians or 79.5° 31/]15/6
24 The equations of two straight lines are

r=1i+4j-2k+A{I+3k) and r=ai+2j—2k+p{i+2j+3ak),

where a is a constant.
{i} Show that the lines intersect for all values of a. [4]

(i) Given that the point of intersection is at a distance of @ units from the origin, find the possible
values of a. [4]

Answer (il) -2, 3 33/N14/7

25 The line { has equation r = 4i— 9§ + 9k + A(—2i + j — 2Kk). The point 4 has position vector 3i + 8j + 5k.

(i) Show that the length of the perpendicular from 4 to [ is 15. [5]

Answers: (i a=2,b=-2 31/N14/10
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26

The lines { and m have equations r=3i—2j+k+ A(—i+2j + k) and r= 4i + 4j + 2k + p{ai+ bj— k)
respectively, where a and b are constants.

(i) Given that ! and s# infersect, show that
2a—b=4. [4]
(if) Given also that [ and sz are perpendicular, find the values of a and 4. [4]

(iii) When a and b have these values, find the position vector of the point of intersection of / and #1.

[2]
33/]12/9
Answers: (i) a=3, b=2 (ili} i+2j+3k
27 1 2
The point P has coordinates {(—1, 4, 11} and the line [ has equation r = ( 3 ) +4 ( 1 )
—4 3
(i) Find the perpendicular distance from Pto I. [4]
Answers: (i) ~104 (ii) 3x-9y+z=-28 31/112/8
28 With respect to the origin 3, the position vectors of two points A and B are given by OA=i+ 2j+2k
and OF = 3i +4j. The point P lies on the line through A and B, and AP=AAB.
(i) Show that OP = {1+20)i+ (2+20)j +(2-20)k. 2]
{(if) By equating expressions for cos AOP and cos BOP in terms of A, find the value of A for which
0P bisects the angle AGB. [5]
(iii) When A has this value, verify that AP : PB= OA : OB. [1]
Answer. (i) A = % 31/N11/7
29 With respect to the origin O, the lines ! and #m have vector equations r= 2i+ k+ A (i — ] + 2k) and
r=2j+ 6k + i+ 2] — 2k) respectivaly.
{i) Prove that { and s do not infersect. [4]
(ii) Calculate the acute angle batween the directions of [ and . [3]
Answers. (i) 47.1°; 33/111/10
30

With respect to the origin (, the points A and B have position vectors given by od =i+ 2j+ 2k and
OB=3i+ 4j. The point P lies on the line AR and OF s perpendicular to AR,

{i) Find a vector equation for the line AR, [1]
(ii) Find the position vector of P. [4]
] o o T 31/N10/7
Answers: i) r=1+2] + 2k + A1+ 2 - 2K); (i1) §J+§]+§[{ Co(i)y 2x+hy+Tz=26.
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31

The lines [ and s have vector equations

r=i+j+k+s(i-j+2k) and r=4i+6j+k+2(2i+2j+k)

raspactivaly.
(i) Show that ! and s2 intersect. [41
(ii) Calculate the acute angle between the lines. [3]
Answers: (i) 74.2% (iii} 5x—3y-4z=-2. 31/]10/10
32 . , . A ..
The line [ has vector equation r =i+ 2j + k+ A(2i — j + k).
(i) Find the position vectors of the two points on the line whose distance from the origin is /(10).
(5]
7 4. & N16/33/Q10
Answers: —i+3jand =i+ =j+ = k
3 3 3
The points A and B have position vectors, relative to the origin O, given by OA =i+ j+ Kk and
—
OB = 2i + 3k. The line [ has vector equation 1 = 2i — 2j — K + p(-i + 2j + k).
(i) Show that the line passing through A and B does not intersect [. [4]
. .1 -
(ii) Show that the length of the perpendicular from A to [ is Nk [5]
J16/33/Q8
34 . . . = S — .
The points A and B have position vectors given by OA =i-2j+ 2K and OB = 3i + j + k. The line [
has equation r = 2i + j + mK + pu(i — 2j — 4K), where m is a constant.
(i) Given that the line [ intersects the line passing through A and B. find the value of m. [5]
Answers: (iym=3 (iiy2x-y+z=86 J17/33/Q10
35

The point P has position vector 3i — 2j + k. The line [ has equation r = 4i + 2j + Sk + p(i + 2j + 3k).

(i) Find the length of the perpendicular from P to [, giving your answer correct to 3 significant

figures. 5]
Answer: (i) 1.22, (ii) 4x+y—-2z=28 J18/31/Q10
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36 The points A and B have position vectors 2i + j + 3K and 4i + j + K respectively. The line [ has equation
r=4i+6j+pu(i+2j-2k).

(i) Show that [ does not intersect the line passing through A and B. [5]

19

The point P, with parameter 7, lies on [ and is such that angle PAB is equal to 120°.

(ii) Show that 372 + 87 + 4 = 0. Hence find the position vector of P, [6]
Answer: (ii) 2i+2j+4k J18/33/Q10
37 S R
I
I
I T
P R
I
I
: 8em
I
10cm : M
C N Y
7 B
Ve
7/
kt i . 6cm

e i acm 4

The diagram shows a cuboid OABCPQRS with a horizontal base OA4ABC in which 4B = 6 cm and
0OA = acm, where a is a constant. The height OP of the cuboid is 10 cm. The point T on BR is such
that B7 = 8 cm, and M is the mid-point of 47", Unit vectors i, j and k are parallel to 04, OC and OF

respectively.
(i) For the case where a = 2, find the unit vector in the direction of W [4]
(ii) For the case where angle ATF = cos™! (%), find the value of a. [5]

Answers: (i) %(2i+3j—6k) (i) 3

N15/11/Q10
38 : v . . :
Relative to an origin O, the position vectors of the points A and B arc given by
N /p—é _ /4—2;7\
OA=2p-6 and OB = P ,
1 2
where p is a constant.
(i) For the case where OA is perpendicular to OB, find the value of p. [3]
— —
(ii) For the case where OAB is a straight line, find the vectors OA and OB. Find also the length of
the line OA. [4]
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-2 -4
Answer pp=22;,upur = 2 |,ur =| 4 | lengthof OAis 3.

! 2 N15/13/Q5
39 Relative to an origin O, the position vectors of points A, B and C are given by
2 5 2
ﬂ:/ 1\, 73:[—1\ and ?:/ 6\
-2 k -3
respectively, where & is a constant.
(i) Find the value of k in the case where angle AOB = 90°. 12]
(i) Find the possible values of k for which the lengths of AB and OC are equal. [4]
— —
The point D is such that @D is in the same direction as OA and has magnitude 9 units. The point £
is such that O_E) is in the same direction as (T)C and has magnitude 14 units.
(iii) Find the magnitude of DE in the form /» where » is an integer. [4]
Answers: (k=45 ) k=4, k=-8 uu) V85 J16/11/Q10
40 The position vectors of A, B and C relative to an origin O are given by
2 1 5
— — —
OA( 3), OB(S) and OC(O),
_4 p 2
where p is a constant.
(i) Find the value of p» for which the lengths of AB and CB are equal. 4]
(ii) For the case where p = 1, use a scalar product to find angle ABC. 4]
Answers: ) p = 2; ) 75.3%
J16/13/Q9
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41

2cm

The diagram shows a cuboid OABCDEFG with a horizontal base OABC in which OA = 4 c¢m and
AB = 15cm. The height OD of the cuboid is 2 cm. The point X on AB is such that AX = 5 cm and the
point P on DG is such that DP = p cm, where p is a constant. Unit vectors i, j and k are parallel to
OA, OC and OD respectively.

(i) Find the possible values of p such that angle OPX = 90°. [4]
(ii) For the case where p = 9, find the unit vector in the direction of )ﬁ" [2]
(iii) A point Q lies on the face CBF G and is such that X is parallel to AG. Find X_Q) 13]

Answers: (i) phlpr4 (i) (1/86)(—4i + 4j + 2k} (iii)(2/3)( —4i + 15 + 2k)

N16/11/Q9
42 b
A B
The diagram shows a triangular pyramid ABCD. It is given that
— — —
AB=3i+j+k, AC=i-2j—k and AD=i+4j-7k.
(i) Verify, showing all necessary working, that each of the angles DAB, DAC and CAB is 90°. [3]
(ii) Find the exact value of the area of the triangle ABC, and hence find the exact value of the volume
of the pyramid. 4]
[The volume V of a pyramid of base area A and vertical height /1 is given by V = %Ah.]
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Answers: (ii) Area of triangle ABC = ¥4V66, VVolume of pyramid = 11. N16/13/Q7
43 Relative to an origin O, the position vectors of points A and B are given by
3 2
ﬁ:[—()\ and 75’:{—6\,
and angle AOB = 90°. r =7
(i) Find the value of p. [2]
. A — 5=
The point C is such that OC = $0A.
—>
(i) Find the unit vector in the direction of BC. (4]
1 J17/11/Q2
Answers: (iy p=6 (ii) 2j+11k) or equivalent
575 ¢ )
44 : . . : :
Relative to an origin O, the position vectors of points A and B are given by
5 5
5)4:/1\ and _B):/ 4\.
— —_— _3
The point P lies on AB and is such that AP = %AB.
(i) Find the position vector of P. [3]
(il) Find the distance OP. [1]
(iii} Determine whether OP is perpendicular to AB. Justify your answer. [2]
5 J17/13/Q4
Answers : (i) | 2 | ; (ii) V30 or 5.48; (iii) Perpendicular.
1
45

(a) Relative to an origin (, the position vectors of two points P and @ are p and q respectively. The

point R is such that POR is a straight line with ¢ the mid-point of PR. Find the position vector

of R in terms of p and q, simplifying your answer.

(b) The vector 6i + aj + bk has magnitude 21 and is perpendicular to 3i + 2j + 2k. Find the possible

values of @ and b, showing all necessary working.

[3]
(6]

Answers: (a)2g—p (b)a=9,b=-180ra=-18,b=9

N17/11/Q8
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46 Relative to an origin O, the position vectors of the points A, B and C are given by

8 ~10 2
@\’:/76\, Eé:/ 3\ and 0_’(::/73\.
5 ~13 1

—  — —
A fourth point, D, is such that the magnitudes |AB|, |[BC| and |CD)| are the first, second and third

terms respectively of a geometric progression.

]

— = —
(i) Find the magnitudes |AB|, |[BC|and |CD|. [5]

»

(ii) Given that D is a point lying on the line through B and C, find the two possible position vectors

of the point D. [41]
(10Y (-6} N17/13/Q9
Answers: () |AB| =27, |BC| = 18, |CD| = 12 (i) OD = L?J V J
7 -9
47 Relative to an origin O, the position vectors of the points A, B and C are given by
1 -1 3
?:/—3\, o5-1 73V e ool Y
2 5 -2
ﬁ
(i) Find AC. (1]
—
(ii) The point M is the mid-point of AC. Find the unit vector in the direction of QM. [3]
— —
(iii) Evaluate AB.AC and hence find angle BAC. [4]
18/11/Q7
Answers: (i) 2i +4j -4k (ii) ; (i) 79.0° 18/11/0
J5(2i - j)
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48

%3

The diagram shows a pyramid OABCD with a horizontal rectangular base OABC. The sides OA and
AB have lengths of 8 units and 6 units respectively. The point £ on OB is such that OF = 2 units.

The point D of the pyramid is 7 units vertically above £, Unit vectors i, j and k are parallel to OA,
OC and ED respectively.

(i) Show that OF = 1.6i + 1.2j.

[2]
(ii) Use a scalar product to find angle BDO. [7]
Answer. (i) 64.8°. J18/13/Q9
49 F
E
D
6 4
4
C
J
3
o0 i 6 A

The diagram shows a solid figure OABCDEF having a horizontal rectangular base OABC with
OA = 6 units and AB = 3 units. The vertical edges OF, AD and BFE have lengths 6 units, 4 units and
4 units respectively. Unit vectors i, j and k are parallel to OA, OC and OF respectively.

(i) Find DF.

[1]

(ii) Find the unit vector in the direction of 5)7 . [3]
(iii) Use a scalar product to find angle EFD. [4]
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Answers: (i) (—6i+2k) (i) ;(—6i—3j+2k) (iii) 25.4° N18/11/Q8

50

G F

The diagram shows a solid figure OABCDEF G with a horizontal rectangular base OABC in which
OA = 8 units and AB = 6 units. The rectangle DEFG lies in a horizontal plane and is such that D is
7 units vertically above O and DE is parallel to QA. The sides DE and DG have lengths 4 units and
2 units respectively. Unit vectors i, j and k are parallel to OA, OC and OD respectively. Use a scalar

.. . - 1 {a .
product to find angle OBF, giving your answer in the form cos : (E‘ where g and b are integers.

[6]
(28 N18/13/Q6

Answer. cos” 15
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Cambridge International AS & A Level Mathematics 9709 syllabus for 2020, 2021 and 2022. Subject content

3 Pure Mathematics 3 (for Paper 3)

Knowledge of the content of Paper 1: Pure Mathematics 1is assumed, and candidates may be required to

demonstrate such knowledge in answering questions.
3.1 Algebra
Candidates should be able to:
e understand the meaning of |x|, sketch the
graph of y = |ax + b| and use relations such as
la| = |b| = a* = b*and
|x —a| <b < a—b<x<a+ bwhen solving

equations and inequalities

o divide a polynomial, of degree not exceeding 4,
by a linear or quadratic polynomial, and identify
the quotient and remainder (which may be zero)

e use the factor theorem and the remainder
theorem

e recall an appropriate form for expressing rational
functions in partial fractions, and carry out the
decomposition, in cases where the denominator
is no more complicated than
- (ax+ b)(ex + d)(ex +f)

—  (ax+ b)ex +dY
— (ax+b)ex*+d)

e use the expansion of (1 +x)", where nis a
rational number and [x| < 1.

Back to contents page

Notes and examples

Graphs of y = [f(x)| and y = f(|x|) for non-linear
functions fare not included.

eg 3x—2|=2x+7|,2x +5 < |x + 1.

e.g. to find factors and remainders, solve polynomial
equations or evaluate unknown coefficients.

Including factors of the form (ax + b) in which the
coefficient of x is not unity, and including calculation
of remainders.

Excluding cases where the degree of the numerator
exceeds that of the denominator

Finding the general term in an expansion is not
included.

Adapting the standard series to expand
-1
e.g. (2 - 15x> is included, and determining the set

of values of x for which the expansion is valid in such
cases is also included.

www.cambridgeinternational.org/alevel
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3 Pure Mathematics 3
3.2 Logarithmic and exponential functions
Candidates should be able to:

e understand the relationship between logarithms
and indices, and use the laws of logarithms
(excluding change of base)

e understand the definition and properties of e
and Inx, including their relationship as inverse
functions and their graphs

e use logarithms to solve equations and
inequalities in which the unknown appears in
indices

e use logarithms to transform a given relationship
to linear form, and hence determine unknown
constants by considering the gradient and/or
intercept.

3.3 Trigonometry
Candidates should be able to:

e understand the relationship of the secant,
cosecant and cotangent functions to cosine, sine
and tangent, and use properties and graphs of
all six trigonometric functions for angles of any
magnitude

e use trigonometrical identities for the
simplification and exact evaluation of expressions,
and in the course of solving equations, and
select an identity or identities appropriate to the
context, showing familiarity in particular with the
use of

—  sec’0=1 + tan’>@and cosec’0=1 + cot*0

- the expansions of sin(4 £ B), cos(4 £ B) and
tan(4 *+ B)

— the formulae for sin24, cos24 and tan24

- the expression of asin@ + hcos 6 in the
forms Rsin(6 + @) and Rcos(0 + ).

www.cambridgeinternational.org/alevel

Notes and examples

Including knowledge of the graph of y = ™ for both
positive and negative values of k.

eg 2" <5 3%x2% 1 <5 3" =477

eg.
y=kx" gives In y = Ink + nlnx which is linear in Inx
and Iny.

y=k(a") gives In y=Ink + x Ina which is linear in
xand Iny.

Notes and examples

e.g. simplifying cos(x — 30%) — 3 sin(x — 60°).

e.g. solving tan@ + cot@ = 4, 2sec’0—tan6 = 5,
3cosO+2sin6 = 1.

Back to contents page
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3 Pure Mathematics 3
3.4 Differentiation

Candidates should be able to: Notes and examples
e use the derivatives of €*, Inx, sinx, cosx, tanx, Derivatives of sin ' x and cos ' x are not required. |
| tan ' x, together with constant multiples, sums,

differences and composites

. . . 2x—4 -
o differentiate products and quotients e.g o ,x% Inx, xe' .
3x+2

e find and use the first derivative of a function egx=t—c" y=r+e”

which is defined parametrically or implicitly. eg Xty =xy+7.

Including use in problems involving tangents and
normals.
3.5 Integration
Candidates should be able to: Notes and examples
e extend the idea of ‘'reverse differentiation’ to Including examples such as Tt
X

. . . ax +b 1

include the integration of € XD

sin(ax + b), cos(ax + b), sec*(ax + b)

1
and ——
x*+ d

e use trigonometrical relationships in carrying out eg use of double-angle formulae to integrate sin”x

integration or cos”(2x).
e integrate rational functions by means of Restricted to types of partial fractions as specified in

decomposition into partial fractions topic 3.1 above.

kf’ X . . X

e recognise an integrand of the form f()(c))' and e.g. integration of 24 e

integrate such functions

: : : 2 - -1

e recognise when an integrand can usefully be e.g. integration of xsin2x, x"e™, Inx, x tan™ x. |

regarded as a product, and use integration by

parts
e use a given substitution to simplify and evaluate e.g. to integrate sin” 2x cos.x using the substitution

either a definite or an indefinite integral. u=smx.
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3 Pure Mathematics 3
3.6 Numerical solution of equations
Candidates should be able to:

o locate approximately a root of an equation,
by means of graphical considerations and/or
searching for a sign change

e understand the idea of, and use the notation for,
a sequence of approximations which converges
to a root of an equation

e understand how a given simple iterative formula
of the form x__ . = F(x ) relates to the equation
. n+1 n. . .
being solved, and use a given iteration, or an
iteration based on a given rearrangement of an
equation, to determine a root to a prescribed
degree of accuracy.

3.7 Vectors
Candidates should be able to:

e use standard notations for vectors, i.e.

X
(;),xiwLyj, |, xi+yj+ 2k 4B, a
z

e carry out addition and subtraction of vectors
and multiplication of a vector by a scalar, and
interpret these operations in geometrical terms

e calculate the magnitude of a vector, and use
unit vectors, displacement vectors and position
vectors

e understand the significance of all the symbols
used when the equation of a straight line is
expressed in the form r = a + ¢b, and find the
equation of a line, given sufficient information

e determine whether two lines are parallel,
intersect or are skew, and find the point of
intersection of two lines when it exists

e use formulae to calculate the scalar product of
two vectors, and use scalar products in problems
involving lines and points.

22 www.cambridgeinternational.org/alevel

Notes and examples

e.g. finding a pair of consecutive integers between
which a root lies.

Knowledge of the condition for convergence is not
included, but an understanding that an iteration may
fail to converge is expected.

Notes and examples

e.g. 'OABCis a parallelogram’ is equivalent to
OB =04+0C.

The general form of the ratio theorem is not
included, but understanding that the midpoint of

AB has position vector %10/1 + O—B)> is expected.

In 2 or 3 dimensions.

e.g. finding the equation of a line given the position
vector of a point on the line and a direction vector, or
the position vectors of two points on the line.

Calculation of the shortest distance between two
skew lines is not required. Finding the equation of
the common perpendicular to two skew lines is also
not required.

e.g. finding the angle between two lines, and finding
the foot of the perpendicular from a point to a line;
questions may involve 3D objects such as cuboids,
tetrahedra (pyramids), etc.

Knowledge of the vector product is not required.

Back to contents page
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3 Pure Mathematics 3
3.8 Differential equations
Candidates should be able to:

o formulate a simple statement involving a rate of
change as a differential equation

e find by integration a general form of solution for
a first order differential equation in which the
variables are separable

e use an initial condition to find a particular
solution

e interpret the solution of a differential equation in
the context of a problem being modelled by the
equation.

3.9 Complex numbers
Candidates should be able to:

e understand the idea of a complex number, recall
the meaning of the terms real part, imaginary
part, modulus, argument, conjugate, and use the
fact that two complex numbers are equal if and
only if both real and imaginary parts are equal

e carry out operations of addition, subtraction,
multiplication and division of two complex
numbers expressed in Cartesian form x + iy

e use the result that, for a polynomial equation
with real coefficients, any non-real roots occur in
conjugate pairs

e represent complex numbers geometrically by
means of an Argand diagram

e carry out operations of multiplication and
division of two complex numbers expressed in
polar form r(cos @ + isin6) = re®

¢ find the two square roots of a complex number

e understand in simple terms the geometrical
effects of conjugating a complex number and of
adding, subtracting, multiplying and dividing two
complex numbers

o illustrate simple equations and inequalities
involving complex numbers by means of loci in
an Argand diagram

Back to contents page

Notes and examples

The introduction and evaluation of a constant of
proportionality, where necessary, is included.

Including any of the integration techniques from
topic 3.5 above.

Where a differential equation is used to model a
‘real-life’ situation, no specialised knowledge of the
context will be required.

Notes and examples

Notations Rez, Imz, |z|, argz, z* should be known.
The argument of a complex number will usually
refer to an angle 6 such that —m < 6 < 7, but in
some cases the interval 0 < 0 < 21t may be more
convenient. Answers may use either interval unless
the question specifies otherwise.

For calculations involving multiplication or division,
full details of the working should be shown.

e.g. in solving a cubic or quartic equation where one
complex root is given.

Including the results |z,z,| = |z,[|z,| and

arg<zl Zz) = arg(zl) +arg <22>, and corresponding
results for division.

e.g. the square roots of 5 + 121 in exact Cartesian
form. Full details of the working should be shown.

eg. lz—a|l<k|z—a|l=|z-b| arg(z—a) = a.

www.cambridgeinternational.org/alevel
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5 List of formulae and statistical tables (MF19)

PURE MATHEMATICS

Mensuration

Volume of sphere = %nr3

Surface area of sphere = 47’

Volume of cone or pyramid = 4 x base area x height
Area of curved surface of cone = 7r x slant height
Arc length of circle =76 (6 in radians)

Area of sector of circle = %rzé? (@ 1in radians)

Algebra
For the quadratic equation ax” +bx+c=0:

_ —b+Alb* —4ac

* 2a
For an arithmetic series:
u,=a+n-1d, S, =tn(a+l)=Ln{2a+(n-1)d}
For a geometric series:
. a(l-r" a
u,=ar"", Sn:% (r#1), SOO=: (|r|<1)

Binomial series:

n_ n n n—1 n n-212 n n-313 n . v .
(a+b)'=a" + | a""b+ ) a"bhT + 3 a" b’ +...+b" , where n is a positive integer

!
and | |- "
r) ri(n—r)!

(=) > nr=D(n=2)
! 3!

n . .
A+x)"=1+nx+ +...,Wheren1srat10naland|x|<1
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Trigonometry
sinf
tand =
cosd
cos’@+sin*0=1, 1+tan’ O =sec’ 0, cot? @ +1=cosec’ 0

sin(A £ B)=sin Acos B+ cos Asin B
cos(4+ B)=cos Acos BFsin Asin B

tan A +tan B
1¥tan Atan B

sin2A4 =2sin Acos A

tan(4+ B) =

cos2A=cos’A—sin’A=2cos’A—1=1-2sin’4

2tan A
tan2A4 = e
1-tan” A4
Principal values:
—%n<sin_1x <3, 0<cos ' x<m, —%Tc<tan_1x<%n
Differentiation
f(x) f'(x)
xn nxn—l
1
Inx —
X
e’ e’
sin x CcoS X
COS X —sinx
tan x sec’ x
secx secxtan x
cosecx —cosecxcotx
cotx —cosec® x
. 1
tan " x 3
1+x
du dv
uy V—tu—
dx dx
du dv
V——U—
u dx dx
v v
dy dy dx
If x=f(r) and y=g(f) then 2 =L+
dx dr dt
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Integration
(Arbitrary constants are omitted; a denotes a positive constant.)

f(x) j f(x) dx
n+l
x" (n=-1)
n+l
1
— ln|x|
x
e’ e’
sinx —CoSXx
coS X sin x
sec” x tan x
; ltan71 (ij
2 +a? a a
1 1 xX—a
_ —In x>a
x> —a’ 2a |x+a ( )
1 1 a+x
—_— —In x|<a
aZ _x2 2(1 a—x ( | | )

Iugdxzuv— vd—udx
dx dx

f'(x)
| o dx = In|f (x)|

Vectors
If a=qgi+a,j+ak and b=5ji+b,j+bk then

ab=ab +a,b, +a,b, =|a ||b |cos€
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FURTHER PURE MATHEMATICS

Algebra
Summations:

n

ZF =1n(n+1),
r=1

r=1

Maclaurin’s series:

f(x) = f(0) + x£'(0) + );—z'f”(O) +.

2

Zrz =+n(n+1)(2n+1),

A+ 0y ..
r!

r

e"=exp(x)=1+x+x—+...+x—+... (all x)
2! r!
¥t X x"
In(l+x)=x—"—+——...+(=1)" =+, l1<x<1)
2 3 r
3.5 2+l
sinx=x——+——...+(-1) + (all x)
3151 2r +1)!
24 2
cosx=1-—+——..+(-1) +... all x
20 4! D (2r)! (all x)
35 241
X x
tan x=x——+——.. .+ (=1 +... -1<xg1
35 VS Cl<x<l)
3 5 x2r+l
sinhx=x+—+—+...+ +... (all x)
ETET 2r+1)!
2 4 2r
coshx=l+2 v 4y + 2 4 (all x)
20 41 2r)!
3 s 2741
tanh ' x=x+ 2+ .+ +... (~l1<x<1)
3 5 2r+1
Trigonometry
If t=tan$x then:
. 2t —1
sinx = > and COSX = >
1+¢ 1+¢

Hyperbolic functions
cosh? x—sinh’ x=1,

sinh 2x =2sinh xcosh x,

cosh 2x = cosh? x + sinh? x

sinh™ x = In(x +Vx* +1)

cosh™' x = ln(x +4/x7 — 1)

tanh ' x = 11n (H_x
1

Back to contents page

(x=1

j (lx|<1)
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Differentiation
f(x) f'(x)
. 1
sin” x
1-x°
0 1
cos” x -
1-x*
sinh x cosh x
cosh x sinh x
tanh x sech” x
L 1
sinh™ x
1+x°
_ 1
cosh™ x
xr -1
_ 1
tanh™' x >
1-x
Integration
(Arbitrary constants are omitted; a denotes a positive constant.)
f(x) I f(x) dx
secx In|secx +tanx | =In|tan($x +47)|
cosecx —In|cosecx +cotx| =In| tan($ x) |
sinh x coshx
cosh x sinh x
sech” x tanh x
1 .1 (x)
—_ sin” | —
a’—x° a
1 S x
—_— cosh™ [—j
x*—a’ a
1 X
e sinh ™! (—j
a’ +x* a

www.cambridgeinternational.org/alevel
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(O<x<m)

([x]<a)

(x>a)
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MECHANICS
Uniformly accelerated motion
v=u+at, s=1u+v), S:ut+%at2, v =u® +2as
FURTHER MECHANICS
Motion of a projectile
Equation of trajectory is:
2
ax
=xtanf —
4 2V*cos* 0
Elastic strings and springs
2
r=2* o2
/ 21

Motion in a circle
For uniform circular motion, the acceleration is directed towards the centre and has magnitude

2
2 v
r or 4
r

Centres of mass of uniform bodies
Triangular lamina: 2 along median from vertex

Solid hemisphere of radius 7: 2 from centre

Hemispherical shell of radius r: £ from centre

. . rsina
Circular arc of radius » and angle 2 from centre
a
. . 2rsing
Circular sector of radius » and angle 2 v from centre
a

Solid cone or pyramid of height 4: 3h from vertex
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PROBABILITY & STATISTICS

Summary statistics
For ungrouped data:

=2 2
X = E , standard deviation = \/ 2(x=%) = \/ 2z -x?
n n n
For grouped data:
) . Y(x—X)* X _
X = if , standard deviation = (x=x)f S S _ X2
zf zf xf
Discrete random variables
E(X)=3Zxp, Var(X)=2x"p — {E(X)}’
For the binomial distribution B(xn, p) :
ny . nr 2
p=l, pd-p)"", u=np, o =np(l-p)
For the geometric distribution Geo(p):
r—1 1
p,=pd-p), H=—
p
For the Poisson distribution Po(A4)
p,.ze%/l—, u=A, ct=1
r!
Continuous random variables
E(X)= jxf(x) dx Var(X) = j X2 f(x) dx — {E(X)}?
Sampling and testing
Unbiased estimators:
¥ =2 2
s PR C 3 S U PO 0)
n-1 n-1 n

Central Limit Theorem:

2
;—(NN[;,, ff_j
n

Approximate distribution of sample proportion:

N[p, p(l—p)j

n
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FURTHER PROBABILITY & STATISTICS

Sampling and testing
Two-sample estimate of a common variance:

§% = Z(x _fl)z +2(x, _)_Cz)z

ny+n,—2

Probability generating functions
G, (1) =E1"), E(X) =Gk (), Var(X) =G (1) + G (D —{G (D}
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Changes to this syllabus for 2020, 2021 and 2022

The syllabus has been reviewed and revised for first examination in 2020.

Significant additions to the syllabus content are indicated by vertical black lines either side of the text on pages
12-32 of this syllabus. Other changes, including removed content, are listed below.

In addition to reading the syllabus, teachers should refer to the updated specimen papers.
You are strongly advised to read the whole syllabus before planning your teaching programme.

Carry forward from 2019 e Candidates taking AS Level in 2019 can carry forward their result towards the
full A Level with the revised syllabus in 2020.

Changes to availability of e  Following consultation with schools and universities, from 2020 the

Mechanics 2 component Mechanics 2 component (formerly Paper 5) is no longer available in AS & A
Level Mathematics. See below for information about alternative routes.
Mechanics 2 content will be assessed at a higher level in the new AS & A
Level Further Mathematics (9231) from 2020.

Changes to option routes e From 2020, there are two option routes to a full A Level Mathematics (9709):
through the qualification A Level candidates take Pure Mathematics 1+ Pure Mathematics 3, plus:
EITHER
Probability & Statistics 1+ Mechanics
OR
Probability & Statistics 1+ Probability & Statistics 2.
e The numbering of assessment components from 2020 is as follows:
Probability & Statistics 1 becomes Paper 5 (formerly Paper 6)

Probability & Statistics 2 becomes Paper 6 (formerly Paper 7).

Changes to subject e Summary of overall changes to subject content

content The subject content has been updated following consultation, and given

decimal numbering. Some topics have been removed or clarified and others
added. The Mechanics 2 content has been removed from the syllabus.

Notes and examples have been added to clarify the breadth and depth of
content.

The prior knowledge requirements have been clarified, to state that simple
manipulation of surds and graphs of the form y = kx" are included.

Summary of changes to Pure Mathematics 1 content by section

e Section 1 Quadratics: linear inequalities content removed.
e Section 2 Functions: transformations content added.

e Section 3 Coordinate geometry: circles content added.

e Vectors: This section has moved from Paper 1 to Paper 3.
e Section 7 Differentiation: limits content added.

Summary of changes to Pure Mathematics 2 content by section

e Section 1 Algebra: content on sketching a modulus graph added.

e Section 5 Integration: trapezium rule retained, but formula for it removed
from List of formulae (MF19).
continued
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Changes to subject
content continued

Summary of changes to Pure Mathematics 3 content by section

e Section 1 Algebra: content on sketching a modulus graph added.

e Section 4 Differentiation: the derivative of inverse tangent added.

e Section 5 Integration: the idea of ‘reverse differentiation’ added.

e Section 5 Integration: trapezium rule removed from Paper 3.

e Section 7 Vectors: vector equations of planes removed; vector content

moved from Paper 1 to Paper 3.
Summary of changes to Mechanics (formerly Mechanics 1) by section

e Section 3 Momentum: linear momentum and direct impact added.

Summary of changes to Mechanics 2

e The entirety of the Mechanics 2 content has been removed from A Level
Mathematics (9709) and will be part of the new AS & A Level Further
Mathematics (9231) from 2020.

Summary of changes to Probability & Statistics 1 content by section

e Notes added on algebra content and probability notation.
e Section 4 Discrete random variables: geometric distribution added.

Summary of changes to Probability & Statistics 2 content by section

e There are no significant changes to this component.

Other changes in the syllabus document

e Key concepts for the syllabus have been introduced.

Changes to assessment
(including changes to
specimen papers)

e Changes to duration of examinations

The durations of the Paper 1 examination and the Paper 3 examination have
increased by 5 minutes to 1 hour 50 minutes each.

e Changes to AOs and aims

The single assessment objective (AO) has been divided into two AOs. There
is no fundamental change in meaning. The weighting of the AOs has been
identified by component. The aims have been clarified.

continued

54 www.cambridgeinternational.org/alevel Back to contents page



Cambridge International AS & A Level Mathematics 9709 syllabus for 2020, 2021 and 2022. What else you need to know

Changes to assessment e Changes to how question papers are presented

(including changes Questions will no longer remind candidates to show their working, as a new

to specimen papers) front cover statement is included.
continued ] _ _ o
The instructions for candidates on the front cover of examination papers

have been amended to add:

‘You must show all necessary working clearly; no marks will be given for
unsupported answers from a calculator.’

‘If additional space is required, you should use the lined page at the end of
the booklet; the question number or numbers must be clearly shown.’

All part questions from 2020 are numbered using the labelling (a), (b), (c),
whether the parts are dependent or independent. Roman numerals will only
be used for labelling further divisions within a part e.g. (a)(i).

Questions will not necessarily be in ascending order of tariff.

e Changes to the List of formulae and statistical tables

The MF9 List of formulae and statistical tables is being replaced from
2020 with a new list, MF19, which combines formulae for AS & A Level
Mathematics (9709) and AS & A Level Further Mathematics (9231). The
MF19 list includes new formulae for additional topics introduced, and the
trapezium rule is removed. AS & A Level Mathematics candidates will not
need to use formulae from the sections with ‘Further’ in the heading.

e Changes to the list of mathematical notation

The list of mathematical notation that may be used in examinations
for this syllabus has been updated and is available on our website at
www.cambridgeinternational.org/9709

The specimen materials have been revised to reflect the new assessment
structure and syllabus content and these are available on our website at
www.cambridgeinternational.org

The syllabus and specimen papers use our new name, Cambridge Assessment
International Education.

Any textbooks endorsed to support the syllabus for examination from 2020 are suitable for use with 0
this syllabus.
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